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Summary Resumo

The homological perturbation
lemma for L∞-algebras naturally
capture perturbation theories.
Applied to physics, it captures
• Feynman diagrams for
S-matrix

• Witten diagrams for AdS/CFT
• Cut diagrams for
Schwinger–Keldysh
observables

etc. These involve natural
extensions of the basic HPL.

La homologia perturba lemo por
L∞-alĝebroj nature priskribas
perturbajn teoriojn. Aplikate al
fiziko, ĝi priskribas
• Diagramoj de Feynman por
la S-matrico

• Diagramoj de Witten por
AdS/KKT

• Tranĉitaj diagramoj por
observeblaĵoj de
Schwinger-Keldiŝ

ktp. Tiuj postulas naturajn
ĝeneraligojn de la baza HPL.
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Chain complex Ĉenkomplekso

𝔤 = (⋯
𝑑
−−→ 𝔤0

𝑑
−−→ 𝔤1

𝑑
−−→ ⋯ )

𝑑2 = 0

boundary of boundary vanishes
rando de rando nulas
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Differential graded Lie algebra
Diferenciala grada alĝebro de Lie

𝔤 = (⋯
𝑑
−−→ 𝔤0

𝑑
−−→ 𝔤1

𝑑
−−→ ⋯ )

[ , ] ∶ 𝔤𝑖 ⊗ 𝔤𝑗 → 𝔤𝑘

d(d𝑥) = 0
d[𝑥, 𝑦] − [d𝑥, 𝑦] − [𝑥,d𝑦] = 0

[𝑥, [𝑦, 𝑧]] + [𝑦, [𝑧, 𝑥]] + [𝑧, [𝑥, 𝑦]] = 0
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L∞-algebra L∞-alĝebro

d = 𝜇1 ∶ 𝔤 → 𝔤
[ , ] = 𝜇2 ∶ 𝔤 ⊗ 𝔤 → 𝔤

⋮

𝜇𝑖 ∶ 𝔤 ⊗ ⋯ ⊗ 𝔤⏟
𝑖

→ 𝔤

∑𝜇𝑖(𝜇𝑗(𝑥1, … , 𝑥𝑖), 𝑥𝑖+1, … , 𝑥𝑖+𝑗−1) = 0

e.g. ekz.

[[𝑥, 𝑦], 𝑧] + [[𝑦, 𝑧], 𝑥] + [[𝑧, 𝑥], 𝑦]
− d𝜇3(𝑥, 𝑦, 𝑧) − 𝜇3(d𝑥, 𝑦, 𝑧) − 𝜇3(𝑥,d𝑦, 𝑧) − 𝜇3(𝑥, 𝑦,d𝑧) = 0

5



L∞-algebra L∞-alĝebro

d = 𝜇1 ∶ 𝔤 → 𝔤
[ , ] = 𝜇2 ∶ 𝔤 ⊗ 𝔤 → 𝔤

⋮

𝜇𝑖 ∶ 𝔤 ⊗ ⋯ ⊗ 𝔤⏟
𝑖

→ 𝔤

∑𝜇𝑖(𝜇𝑗(𝑥1, … , 𝑥𝑖), 𝑥𝑖+1, … , 𝑥𝑖+𝑗−1) = 0

Compatible with metric: Kongrua kun metriko:

⟨ , ⟩ ∶ 𝔤 ⊗ 𝔤 → ℝ
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Deformation retract Deformoretiro

A A𝑝
ℎ

𝑖

𝑝 ∘ 𝑖 = idA
𝑖 ∘ 𝑝 = idA −𝑑 ∘ ℎ − ℎ ∘ 𝑑 ≃ idA
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Minimal model Minimuma modelo

𝔤 H(𝔤)
𝑝

ℎ
𝑖

↓
𝜙4

𝜙1 𝜙2 𝜙3

+

𝜙4

𝜙1 𝜙2 𝜙3

+

𝜙4

𝜙1 𝜙2 𝜙3
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Field theory Kampa teorio

𝑆 = ∫
ℝ𝑑

1
2!
𝜙𝐷𝜙 + 1

3!
𝑓𝑎𝑏𝑐𝜙𝑎𝜙𝑏𝜙𝑐 + ⋯

= ⟨𝜙, 𝜇1(𝜙)⟩ +
1
3!
⟨𝜙, 𝜇2(𝜙, 𝜙)⟩ + ⋯

𝔤 = Span{
field
𝜙, 𝜙+
antif.
}

𝜇1(𝜙)𝑎 = (𝐷𝜙)𝑎
𝜇2(𝜙)𝑎 = 𝑓𝑎𝑏𝑐𝜙𝑏𝜙𝑐

⟨𝜙, 𝜙+⟩ = ∫
ℝ𝑑
𝜙𝜙+
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Field theory Kampa teorio

𝔤 = Span{
field
𝜙, 𝜙+
antif.
}

𝜇1(𝜙)𝑎 = (𝐷𝜙)𝑎
𝜇2(𝜙)𝑎 = 𝑓𝑎𝑏𝑐𝜙𝑏𝜙𝑐

⟨𝜙, 𝜙+⟩ = ∫
ℝ𝑑
𝜙𝜙+

𝔤 H(𝔤)

H(𝔤) = Span{
on-shell f.
ker𝐷, coker𝐷

on-shell antif.
}

𝑛 = ⟨𝜙1, 𝜇𝑛−1(𝜙2, … , 𝜙𝑛)⟩ (𝑛 ≥ 3)
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Field theory Kampa teorio

𝑛 = ⟨𝜙1, 𝜇𝑛−1(𝜙2, … , 𝜙𝑛)⟩ (𝑛 ≥ 3)

ΔBV =
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Field theory Kampa teorio

𝑛 = ⟨𝜙1, 𝜇𝑛−1(𝜙2, … , 𝜙𝑛)⟩ (𝑛 ≥ 3)

ΔBV =
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AdS/CFT AdS/KKT

d𝑠2AdS𝑑+1 = 𝑧
−2 (d𝑧2 +

𝑑

∑
𝑖=1
(d𝑦𝑖)2)

𝑍AdSd+1(𝜙𝑖
𝑧→0
−−−−−−→ 𝜙𝑖°) = ⟨exp(𝜙𝑖°𝑂𝑖)⟩CFT𝑑
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AdS/CFT AdS/KKT

𝑆 = ∫
AdS𝑑+1

√det𝑔 (12
((𝜕𝜙)2 − 𝑚2𝜙2) + 1

3!
𝜆𝜙3)

= ∫
AdS𝑑+1

√det𝑔 (12
𝜙(Δ − 𝑚2)𝜙 + 1

3!
𝜆𝜙3) +∫

ℝ𝑑=𝜕 AdS𝑑+1
𝜙°𝑁𝜙°
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AdS/CFT AdS/KKT

𝑆 = ∫
AdS𝑑+1

√det𝑔 (12
((𝜕𝜙)2 − 𝑚2𝜙2) + 1

3!
𝜆𝜙3)

= ∫
AdS𝑑+1

√det𝑔 (12
𝜙(Δ − 𝑚2)𝜙 + 1

3!
𝜆𝜙3) +∫

ℝ𝑑=𝜕 AdS𝑑+1
𝜙°𝑁𝜙°

𝔤 = Span{𝜙, 𝜙+}
𝜇1(𝜙) = (Δ − 𝑚2)𝜙

𝜇2(𝜙, 𝜙′) = 𝜆𝜙𝜙′

⟨𝜙, 𝜙+⟩ = ∫
AdS𝑑+1

√det𝑔𝜙𝜙
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AdS/CFT AdS/KKT

𝑆 = ∫
AdS𝑑+1

√det𝑔 (12
((𝜕𝜙)2 − 𝑚2𝜙2) + 1

3!
𝜆𝜙3)

= ∫
AdS𝑑+1

√det𝑔 (12
𝜙(Δ − 𝑚2)𝜙 + 1

3!
𝜆𝜙3) +∫

ℝ𝑑=𝜕 AdS𝑑+1
𝜙°𝑁𝜙°

𝔤 = Span{𝜙, 𝜙+}
𝜇1(𝜙) = (Δ − 𝑚2)𝜙

𝜇2(𝜙, 𝜙′) = 𝜆𝜙𝜙′

⟨𝜙, 𝜙+⟩ = ∫
AdS𝑑+1

√det𝑔𝜙𝜙

H(𝔤) = Span{kerΔ, cokerΔ} = 𝒞∞(ℝ𝑑) = CFT𝑑 source

minimal model = connected Witten diagram
= connected CFT𝑑 correlators 9



AdS/CFT AdS/KKT

H(𝔤) = Span{kerΔ, cokerΔ} = 𝒞∞(ℝ𝑑) = CFT𝑑 source

minimal model = connected Witten diagram
= connected CFT𝑑 correlators

2-pt function = boundary term

𝑆 = ∫
AdS𝑑+1

√det𝑔 (12
(𝜕𝜙)2 + 1

3!
𝜆𝜙3)

= ∫
AdS𝑑+1

√det𝑔 (12
𝜙Δ𝜙 + 1

3!
𝜆𝜙3) +∫

ℝ𝑑=𝜕 AdS𝑑+1
𝜙°𝑁𝜙°
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AdS/CFT AdS/KKT

AdS𝑑+1:

∫𝜙°𝑁𝜙° ∼ ∫
ℝ𝑑
d𝑦∫

ℝ𝑑
d𝑦′

𝜙°(𝑦)𝜙°(𝑦′)
‖𝑦 − 𝑦‖𝛥

, 𝛥 = 𝑑
2
+ √

𝑑2
4
+ 𝑚2

⟨𝑂(𝑦)𝑂(𝑦′)⟩ = 1
‖𝑦 − 𝑦′‖Δ

Minkowski ℝ𝑑+1:

∫𝜙°𝑁𝜙° ∼ ∫d𝑑𝑝⃗ 𝐸𝑝⃗𝜙(𝑝⃗)𝜙(−𝑝⃗)

𝑆[𝜙] = 1
2
⟨𝜙, 𝜇1(𝜙)⟩ +

1
3!
⟨𝜙, 𝜇2(𝜙, 𝜙)⟩ + ⋯ + ⟨𝜋1(𝜙), 𝜋1(𝜙)⟩𝜕
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Schwinger–Keldysh Schwinger-Keldiŝ

What if we use deformation retract?
Kio, se oni uzus an deformoretiron?

(H(𝔤), 𝜇̃𝑖) 𝔤 (H(𝔤), 𝜇𝑖)

⟨𝜙1, 𝜇̃𝑛−1(𝜙2, … , 𝜙𝑛)⟩ ≠ ⟨𝜙1, 𝜇𝑛−1(𝜙2, … , 𝜙𝑛)⟩
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Schwinger–Keldysh Schwinger-Keldiŝ

II II

I I

=

II II

I I

+

II II

I I

+ ⋯ .
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Schwinger–Keldysh Schwinger-Keldiŝ

II II

I I

=

II II

I I

+

II II

I I

+ ⋯ .

𝔊 = 𝔤(1) ⊕ 𝔤(2) ⊕ ⋯ ⊕ 𝔤(𝑁)

( ̃𝑖, 𝑝̃, ℎ̃) = (𝑖, 𝑝, ℎ + δ(𝑝2 + 𝑚2)Θ(𝑝0)𝜎𝑖+1←𝑖 + δ(𝑝2 + 𝑚2)Θ(−𝑝0)𝜎𝑖←𝑖+1)
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