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Overview
-

Symmetry is central to our understanding of
QFT & String theory , allowing us to make sharp
and robust constraints by way of algebra.
The prototypical example of 2d CFT exemplifies
this point : the Virasoro and current algebra
symmetries thereof are indispensible tools for

constraining the spectrum of operators and the
allowed form of their correlations.

Supersymmetrics are especially potent and provide further
structure to exploit. For example, susy theories often have

rich moduli spaces that beget equally rich maths.

Today : use (o-dimit) symmetrics to extract/understand
moduli spaces of 3d N=1 SuSY QFT's



↳Holomorphic QFT
Holomorphicity and locality give us may symmetries !

For
every local operator O ,

we can consider the

topological defect
odz zu O(z)
j

We can use this to define an action of local

operators on themselves via

On : Ops -> Ops
(0) JdzzU(l

This action is equivalently encoded in the OPE

0(z)8(0 = Zz (On · 8) (0)
nEX

Note : The modesOn are labeled by holomorphic
Xfunctions on K .
Better : holomorphic functions on

Conf2(4) .
Yet better : Dolbeault cohomology of Confi().



2Holomorphic-Topological QFT
Now

suppose we have a
3d QFT on Cre *Re that

is holomorphic on K and topological along R (HT)
Concretely , this means correlation functions of local

operators only depend on the holomorphic coordinates

2 of their insertions. Globally, such a QFT lives on

3-folds equipped with a transverse holomorphic foliation.

u
v TM involutive complex subbundle
Fri = [f((xf = 0 XX v]

locality implies OPEs are necessarily non-singular
0 .(z ,til U . (z,t
·

+ · O2(zstr) jz(zn
,
talZ

topological on I -> localityonlysingular nonsingular O-> indep of 7,-t

This is a 3d HT analog of Hartog's Lemma: all HT
functions on QXIR190] extend to EXIR .



The Raviolo
-
Unlike the 2d holomorphic setting .

Fut has higher
cohomology ! w=
H)(CxR 1903 ,F= C(E] H(eXIR1503 ,Fr = Cl2z]w

relation : zw = 0
, define 2"=wt ze[use

3d Carchy formula : Godz R = Shi Su,

Alternatively , can consider targential CR cohomology
of $4 CXR10]

Equivalent algebraic description : the raviolo
-

Rav =Dale
z = Ex

H
:

(CXIR1503 , Eur) = H')lRaw , O)



see 2308 .04414

DavidoVertex Algebras for more details

Basic idea : build a verlex-algebraic object from 1Rav .

Def : Aviofield on V is an End(v)-valued series

A(z)=An +An

such that for all veV Anv = 0
,
>20

· A(z) , B(w)
aremnutuallylocal if there are fields(tw) with

[A( , B(ul]= Gx(z ,w) Cel

4)z,)=Enz is the analogue of the s-function.

Det:Andovertex algebra is a tuple (V, 10, 2, 7) satisfying
1) Y(9, z) is a raviolo field on U for all net

2) [2 , Y(a , z)] = 2zY(a, z)

3) 210) = 0 ; y (10) , z) = ide ; Y (a, z)10) eVIzD , Y (a, allo) /o =a

4) y(a, z) , Y/b , w) mutually local for all abe



ElementaryProperties
Many of your favorite properties of vertex algebras
extend to raviolo vertex algebras , with some surprises.
Det : Given rariolo fields Al

,

B(c)
, theirnormal- ordered

product is-
: A(z) B(u) : = A(z) +B(r) = Blu) A(z)-

Prop : Let A
,
B
, C be mutually local raviolo fields. Then

1) A and G-B are mutually local , as are A and : BC :

2) :AB := Fit and : (AB :) C : =: A) BD :

Most importantly ,
there is a notion of OPE :

thm : Let v be a RUA .
For all a ber

a(z) blol = (zr)" (asm-b)() +&=-w(cmb) (2)
-

: a(z) blu) :

where alz= " annl+ (2) -
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SymmetriesofTwisted N>2 Theories for more details

Many examples of 3d HT theories arise from

twisting SUSY theories. Symmetries of untwisted
theory become enhanced upon twisting!
e.g. g flavor symmetry no raviolo current algebra

Va(z) Up(w) = -zw fasVa() +: Va(z)Uy(r) :

the same is true for supersymmetries ! The
3d superconformal symmetry algebra is xp(N(4).
Naively , expect the twisted theory to have

exp(14): = H: (oxp(N14) , Qu = Exp(N-2(2)
Instead : ravido analogs of superconformal algebras
e.g. 3d N=2 no raviolo analog of Virasoro
N(z)T) = -z-w(2r)) + Raw (2NW)) + :(2) T :



LightningReviewofEntroToda
s

abeup] onea &2 mirror automorphism :

4
,- SUR)E a

,
b, ... 5,, . - -

Often have complicated vacuum moduli
.

Two distinguished
"branches" :

Mr
vac.intunderese] nyperkhr.Mc

Twists :

I
Qu=Q
-

QB =St = SQ
leads to Rozansky-Witten reduction of Hd Donaldson
thy ; Ops= /Mn] twist ; Ops* = C(Mc]

3d Mirror Symmetry : Intriligator-Seiberg6 ,
deBoer-Hori-Ooguri-Oz 96, ...

T TV Ta = T ↑ = T *B
-

- SUSY action mirrored Mc = Mi Mut Mc
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~SuperconformalRV As for more details

Very interesting case : N= 4 theories no N= 2 superconformal
RUAs

Bet : A RUAV is2 superconformal if it has
↑ (Virasure field) , o labelian current) , and Q I with OPEs

N(z)QuvRzw(Q() + lizwGQ(w)
↑(z)Qe(w) - z-w(Q(w))
Q Quww0 Qu(z)Qldz(u)+Riz-w (((w)-ar()
It-ratisfiesthe BPS bound if

Ujg = O if<
Det : OV is a tbranch primary operator if

↑ (z)U(wwez-w(jP(ol) +ezw (201) H 2:0 (g0(w))
Q+ (2) Okal-O Q - (z)P(r)-ez-w Posrd

for some NoEV . Combmb branch primary operators defined

by exchanging Q +7 Q·



&Higgs & Conlomb Branches

We can exploit the analogy with 2d SCFT
to extract moduli spaces from the HT twist,
Cf . Lerche-Vafa-Warner
Lemma :
HBP (CBP) operators satisfy j= (j= ).
Grollary :

The OPE of HBP (CBP) operators is regular . Moreover,
the normal-ordered product gives them the structure of
a graded-commutative algebra.

thm : Cf
.
Witten-Zweibach

,
Lian-Zuckerman, --

The bilinear operation
50. , 023 = Res (Pu

,

(z) P(0) =Po(z) 0 , (d)
defines a Poisson bracket of HBP (CBP) operators



Thank you !


