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It’s a wonderfully rich world
C.Chamon, Phys.Rev.Lett. 94, 040402 (2005) Quantum glassiness in strongly correlated clean systems: An example of
topological overprotection
J.Haah, Phys.Rev.A 83, 042330 (2011) Local stabilizer codes in three dimensions without string logical operators
B.Yoshida, Phys.Rev.B 88, 125122 (2013) Exotic topological order in fractal spin liquids
S.Vĳay, J.Haah, L.Fu, Phys.Rev.B 92, 235136 (2015) A new kind of topological quantum order: A dimensional hierarchy
of quasiparticles built from stationary excitations
S.Vĳay, J.Haah, L.Fu, Phys.Rev.B 94, 235157 (2016) Fracton topological order, generalized lattice gauge theory and
duality
H.Ma, E.Lake, X.Chen, M.Hermele, Phys.Rev.B 95, 245126 (2017) Fracton topological order via coupled layers
W.Shirley, K.Slagle, Z.Wang, X.Chen, Phys.Rev.X 8, 031051 (2018) Fracton models on general 3-dimensional manifolds
H.Ma, M.Hermele, X.Chen, Phys.Rev.B 98, 035111 (2018) Fracton topological order from the Higgs and partial-
confinement mechanisms of rank-two gauge theory
D.Bulmash and M.Barkeshli, Phys.Rev.B 97, 235112 (2018) Higgs mechanism in higher-rank symmetric U(1) gauge
theories
N.Seiberg, SciPost Phys. 8, 050 (2020) Field theories with a vector global symmetry
N.Seiberg, S.-H.Shao, SciPost Phys. 9, 046 (2020) Exotic U(1) symmetries, duality and fractons in 3+1-dimensional QFT
P.Gorantla, H.T.Lam, N.Seiberg, S.-H.Shao, SciPost Phys. 9, 073 (2020) More exotic field theories in 3+1 dimensions
N.Seiberg, S.-H.Shao, SciPost Phys. 10, 003 (2021) Exotic ZN symmetries, duality, and fractons in 3+1-dimensional QFT
P.Gorantla, H.T.Lam, N.Seiberg, S.-H.Shao, Phys.Rev.B 106, 045112 (2022) Global dipole symmetry, compact Lifshitz
theory, tensor gauge theory, and fractons
P.Gorantla, H.T.Lam, N.Seiberg, S.-H.Shao, Phys.Rev.B 107, 125121 (2023) Gapped lineon and fracton models on graphs
...
M. Pretko (et al.) :
Phys.Rev.B 95, 115139 (2017) Subdimensional particle structure of higher rank U(1) spin liquids
Phys.Rev.B 96, 035119 (2017) Generalized electromagnetism of subdimensional particles: A spin liquid story
Phys.Rev.D 96, 024051 (2017) Emergent gravity of fractons: Mach’s principle revisited
Phys.Rev.B 96, 125151 (2017) Higher-spin Witten effect and two-dimensional fracton phases
Phys.Rev.Lett. 120, 195301 (2018) Fracton-Elasticity Duality
Phys.Rev.B 98, 115134 (2018) The fracton gauge principle
Phys.Rev.X 9, 021003 (2019) Localization in Fractonic Random Circuits
...
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What are fractons? The defining property

Restricted mobility

fracton (0D) lineon (1D) planon (2D)

What does it mean?
- Dispersion (ω = 0) ?
- Propagators ?
- Kinetic constraints ?
- lightcone limit (c→ 0) ?
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Many Languages

Lattice theory :
- exactly solvable spin models
- quantum error correcting codes
- “gapped”
- Type I : fractons, lineons and planons

S.Vĳay, J.Haah, L.Fu, Phys.Rev.B 94, 235157 (2016) Fracton topological order, generalized lattice
gauge theory and duality

- Type II : fractons only (fractal structure)
J.Haah, Phys.Rev.A 83, 042330 (2011) Local stabilizer codes in 3D without string logical operators

Tensor gauge theory (Pretko) :
- Ai j = A ji

- “gapless”
- Maxwell-like (H = E2 + B2 ; Gauss→ limited mobility)
- Higher moment (dipole) conservations .

Erica Bertolini A new covariant gauge field theory



A new
covariant
gauge field

theory

Erica Bertolini

What are
fractons?

Maxwell
theory of
fractons

3D fracton
models
1. Hall-like theory

2. Quasi-topological
fractons

Final Remarks

Origins and applications

Spin Glasses : slow thermal equilibrium
C. Chamon, Phys.Rev.Lett. 94, 040402 (2005) Quantum glassiness in strongly correlated clean systems: An
example of topological overprotection

Quantum Infomation : robust memories
J. Haah, Phys.Rev.A 83, 042330 (2011) Local stabilizer codes in 3D without string logical operators

Spin Liquids : higher spin generalization
M. Pretko, Phys.Rev.B 95, 115139 (2017) Subdimensional particle structure of higher rank U(1) spin liquids

Topological Lattice Defects : “fracton-elasticity duality”
M. Pretko and L. Radzihovsky, Phys.Rev.Lett. 120, 195301 (2018) Fracton-Elasticity Duality

Systems with dipole/multipole moment conservations
A. Gromov, Phys.Rev.X 9, 031035 (2019) Towards classification of Fracton phases: the multipole algebra
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Pretko’s gauge theories for fractons
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The “Gauss” constraint and dipole conservation

Ei j symmetric tensor “electric field”

Gauss : ∂i∂ jEi j = ρ ⇒ dipole (Dk) conservation

Dk =

∫
dV xkρ =

∫
dV xk∂ j∂iE ji = −

∫
dV ∂ jEk j = 0

a

single charges = fractons

dipoles = free

M. Pretko, Phys.Rev.B 95, 115139 (2017) Subdimensional particle structure of higher rank U(1) spin liquids
M. Pretko, Phys.Rev.B 96, 035119 (2017) Generalized electromagnetism of subdimensional particles
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The ingredients - 4D scalar charge theory

Symmetric rank-2 tensor and scalar Lagrange multiplier :

Ai j = A ji ; A0

Symmetry and Gauss constraint :

δ f ractAi j = ∂i∂ jΛ ; ∂i∂ jEi j = ρ

Hamiltonian : Maxwell-like

H ∼ E2 + B2

“Electric” and “magnetic” fields :

Ei j = ∂i∂ jA0 − ∂0Ai j ; Bi j = ϵikl∂
kAl

j

M. Pretko, Phys.Rev.B 96, 035119 (2017) Generalized electromagnetism of subdimensional particles
M. Pretko, Phys.Rev.B 96, 125151 (2017) Higher-spin Witten effect and two-dimensional fracton phases
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A generalized electromagnetism

Noncovariant Lagrangian

L ∼ −A0∂i∂ jEi j + ∂tAi jEi j − Ei jEi j − Bi jBi j + A0ρ + Ai jJi j

Maxwell-like equations

∂i∂ jEi j = ρ Gauss (by construction)
∂iBi j = 0 null div of B (by def)

∂tBi j − ϵimn∂mE j
n = 0 Faraday (postulated)

∂tEi j + 1
2

(
ϵimn∂mB j

n + ϵ
jmn∂mB i

n

)
= Ji j Ampère (EoM)

Fractonic continuity equation

∂tρ + ∂i∂ jJi j = 0 ⇒ ∂tDi = bd terms
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Traceless scalar theory

Constraints :
∂i∂ jEi j = ρ ⊕ Ei

i = 0

Additional conservation ∫
dV x2ρ = 0

a component of quadrupole moment

⇒ single charges ρ = fractons (0D particles)
⇒ dipoles x⃗ρ = planons (2D particles)
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Vector charge theory

Gauss constraint :
∂ jEi j = ρi

Conservations of∫
dV ρ⃗ = 0

∫
dV x⃗ × ρ⃗ = 0

charge (“linear momentum”) “angular momentum”

⇒ single charges ρ⃗ = lineons (1D particles)
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Traceless vector theory

Constraints :
∂ jEi j = ρi and Ei

i = 0

Additional conservations∫
dV

(
ρ⃗ · x⃗

)
= 0 ;

∫
dV

[(
x⃗ · ρ⃗

)
x⃗ − 1

2 x2ρ⃗
]
= 0

⇒ single charges ρ⃗ = fractons (0D particles)
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“Practical” example : elasticity duality (3D)

The dictionary :

Fractons Elasticity
Ei j ui j

(Electric tensor field) (Strain tensor)

Bi πi

(Magnetic vector field) (Lattice momentum)

∂tEi
i + ϵ

i j∂ jBi = Ji
i ∂tnd + ∂iJi

d = Ji
i

Trace of the “Ampère” equation continuity equation for vacancy #

fracton↔ disclination ; dipole↔ dislocation

M. Pretko and L. Radzihovsky, Phys.Rev.Lett. 120, 195301 (2018) Fracton-Elasticity Duality
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Weaknesses→Motivations

But (from a QFT point of view) :

ad hoc definitions...

A0?

non-covariant ;

inhomogeneous # of ∂ ;

bizarre mass dimensions.
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Maxwell theory of fractons

Based on :
E.B. and N.Maggiore, Phys. Rev. D 106 (2022) no.12, 125008, Maxwell theory of fractons
A.Blasi and N.Maggiore, Phys. Lett. B 833 (2022), 137304, The theory of symmetric tensor field: from fractons to
gravitons and back
E.B., A.Blasi, A.Damonte and N.Maggiore, Symmetry, 15 (2023), no.4, 945, Gauging fractons and linearized gravity
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Approach : the symmetrry

QFT covariant (symmetry-based) technique

δ f ractAi j = ∂i∂ jΛ → δ f ractAµν = ∂µ∂νΛ ,

Symmetry → Action → EoM

δgaugeAµ = ∂µΛ(x) →
∫

d4x FµνFµν → ∂µFµν = 0

δ f ractAµν = ∂µ∂νΛ(x) → ? → ?

The symmetry is the only ingredient !
(together with covariance, locality and power-counting)
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The building block: fracton field strength

New field strength F ∼ ∂A

Maxwell Fractons
invariance δgaugeFµν = 0 δ f ractFµνρ = 0
cyclicity Fµν + Fνµ = 0 Fµνρ + Fνρµ + Fρµν = 0
Bianchi ϵµνρσ∂

νFρσ = 0 ϵαµνρ∂
µFβνρ = 0

where
Fµνρ = Fνµρ = ∂µAνρ + ∂νAµρ − 2∂ρAµν .
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The action

The most general invariant action (δ f ractS inv = 0) is

S inv = g1S f ract + g2S LG ,

where
S f ract ∼

∫
d4x FµνρFµνρ ∼

∫
F2

S LG =

∫
d4x

(
1
4

FµµνF
ρν
ρ −

1
6

FµνρFµνρ

)
.

diffs fract
δAµν = ∂µξν + ∂νξµ

ξµ=
1
2 ∂µΛ

−−−−−−→ δAµν = ∂µ∂νΛ

M.Pretko, Phys.Rev.D 96, 024051 (2017) Emergent gravity of fractons: Mach’s principle revisited
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Remark : on the general theory

From the canonical momentum Πµν and the EoM

∂i∂ jΠ
i j = 0

Gauss for the whole theory !
⇒ fractonic behaviour for the whole theory? (LG?)

If g1 + 2g2 = 0

S inv[Aµν] = S inv[Āµν] ; ηµνĀµν = 0 ,

Traceless theory⇒ Traceless fractons?
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Maxwell theory for fractons (g2 = 0)

Equations of Motion (EoM) :

∂µFαβµ = 0
α=β=0
−−−−−−→ Aµ0 ≡ ∂µA0

EoM + Bianchi + A0 :
Maxwell Fractons
∇⃗ · E⃗ = 0 ∂ jEi j = 0

(
∂i∂ jEi j = 0 .

)
∇⃗ · B⃗ = 0 ∂aB p

a = 0
∇⃗ × E⃗ − ∂t B⃗ = 0 ϵ0lm j∂

mEi j − ∂0B i
l = 0

∇⃗ × B⃗ + ∂tE⃗ = 0 ∂0Ei j +
1
2

(
ϵ0ikl∂

kBl
j + ϵ0 jkl∂

kBl
i

)
= 0

with “electric” and “magnetic” tensor fields

Ei j ≡ −Fi j0 = 2
(
∂0Ai j − ∂i∂ jA0

)
; B j

i ≡
1
3ϵ0iklF jkl = ϵ0ilk∂

lA jk .
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The action

Using Electric and Magnetic tensors

S f ract =
g1

6

∫
d4x FµνρFµνρ

= −
1

4g1

∫
d4x

(
Ei jEi j − Bi jBi j

)
,

Maxwell-like !

Claim : fractons are embedded in the covariant theory
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Energy-momentum tensor

Tαβ ≡ −
2
√
−g
δS f ract

δgαβ

∣∣∣∣∣∣
gαβ=ηαβ

=
g1

6
ηαβF2−

g1

3

(
2FανρF

νρ
β + FµνβFµνα

)
,

whose components are :

Fractons Maxwell

T00 = −
1

4g1

(
Ei jEi j + Bi jBi j

)
⇒ g1 < 0 u = 1

2 (EiEi + BiBi)

T0i =
1
2ϵ0i jkE jaBk

a S i = ϵ0i jkE jBk

Ti j = ηi jT00 − EiaE a
j −

1
2

(
BiaB a

j − Ba jBa
i

)
σi j = ηi ju − EiE j − BiB j
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Continuity equation

EoM with matter coupling :

∂µFαβµ = −Jαβ .

Continuity equation

∂α∂βJαβ = 2∂0∂iJ0i + ∂i∂ jJi j = ∂0ρ + ∂i∂ jJi j = 0 ,

with charge ρ ∼ ∂iJ0i and Gauss now is

∂i∂ jEi j = ρ .
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“Lorentz” force not by intuition

From the on-shell “conservation” of T µν

∂νT µν + f µ = 0 ,

the 4D “Lorentz” force on a dipole is

Fractons: f 0 = EabJab ; f i = 2Ja0Eia − 1
2ϵ

0imnJamB a
n

Maxwell: f 0 = E⃗ · J⃗ ; f⃗ = qE⃗ + qv⃗ × B⃗ ,

where charge, dipole and (dipole) current are

∂iJ0i ∼ ρ ; J0i ∼ pi ≡ xiρ ; Jik ∼ vi pk + vk pi .

Erica Bertolini A new covariant gauge field theory



A new
covariant
gauge field

theory

Erica Bertolini

What are
fractons?

Maxwell
theory of
fractons

3D fracton
models
1. Hall-like theory

2. Quasi-topological
fractons

Final Remarks

Finally a well defined theory!

Covariant (Maxwell) theory for fractons :
Symmetry → Action → EoM

δAµν = ∂µ∂νΛ(x) →
∫

d4x FµνρFµνρ → ∂µFαβµ = 0 ;

Results of Literature from first principles of QFT :
✓ electric and magnetic tensor fields ;
✓ A0 ;
✓ “Maxwell” equations ;
✓ energy density ;
✓ “Lorentz” force on a dipole ;

Energy-momentum tensor ;

Strong relation with LG.
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3D fracton models

Based on :
E.B., A.Blasi, N.Maggiore and D.Sacco Shaikh, JHEP 10 (2024) 232, Hall-like behaviour of higher rank CS theory
of fractons
E.B., A.Blasi, N.Maggiore, to appear on EPJC Quasi-topological fractons: a 3D dipolar gauge theory
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Motivations

QFT perspective of 3D rank-2 (fracton?) theories

Maxwell-like?
M. Pretko, Phys.Rev.B 96, 035119 (2017) Generalized electromagnetism of subdimensional particles

Chern-Simons-like?
M. Pretko, Phys.Rev.B 96, 125151 (2017) Higher-spin Witten effect and two-dimensional fracton phases

Topological?

Elasticity?
M. Pretko and L. Radzihovsky, Phys.Rev.Lett. 120, 195301 (2018) Fracton-Elasticity Duality
A. Gromov, Phys. Rev. Lett. 122, 076403, Chiral Topological Elasticity and Fracton Order
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1. Hall-like theory

Based on :
E.B., A.Blasi, N.Maggiore and D.Sacco Shaikh, JHEP 10 (2024) 232, Hall-like behaviour of higher rank CS theory
of fractons
E.B., A.Blasi, N.Maggiore, to appear on EPJC Quasi-topological fractons: a 3D dipolar gauge theory
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Symmetry principle

Symmetry → 3D Action → 3D EoM
δ f ractaµν = ∂µ∂νΛ(x) → ? → ?

But : the symmetry is NOT the only ingredient...

Mass dimensions :

[aµν] = 1
2

[aµν] = 1
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The invariant action

Most general invariant action

S inv =

∫
d3x ϵµνρaµλ∂νaλρ ,

(traceless) Chern-Simons-like, but not topological

Tµν = −ϵαβγ(aαµ∂βaγν + aαν∂βaγµ) , 0 ,

however, on-shell (fractonic embedding)∫
dV T00 = 0 .
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Generalized (planar) electromagnetism

On-shell EoM00

δSinv

δa00
= 0 ⇒ a0a = ∂aa0

Electromagnetic analogy

δSCS

δAa
∝ ϵ0abEb →

δSinv

δaab
≡ 1

2

(
ϵ0akĒb

k + ϵ
0bkĒa

k

)
δSCS

δA0
∝ B →

δSinv

δa0a
≡ Ba ,

with

Ēab = F̄ab0 ; Ēa
a = 0 ; Ba = 2

3ϵ
0mnF̄a

mn ,

and F̄µνρ traceless invariant field strength.
Erica Bertolini A new covariant gauge field theory
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Fractonic behaviour

Matter coupling

S =
∫

d3x
(
ϵµνρaµλ∂νaλρ − aµνJµν

)
,

fractonic continuity equation

∂0ρ + ∂m∂nJmn = 0

with

ρ ≡ 2∂mJ0m ; dm ≡ −2J0m ; Jmn

charge dipole dipole current
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Physical interpretations

continuity equation→ three conservation equations :

∂t

∫
ρ = const ; ∂t

∫
x⃗ ρ = const ; ∂t

∫
x2ρ = const ,

of charge, dipole and a component of the quadrupole.

Traceless scalar fracton theory : dipole = lineon (1D)
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Equations of motion→ Hall-like behaviour

std Chern-Simons fractonic Chern-Simons
ρ = B da = −2Ba flux attachment

Ja = σabEb Jab = σabmnĒmn Hall(-like) current

with (dipole-like) fractonic conductivity

σabmn ≡ 1
4

(
ϵ0amηbn + ϵ0bmηan + ϵ0anηbm + ϵ0bnηam

)
.

M. Pretko, Phys.Rev.B 96, 125151 (2017) Higher-spin Witten effect and two-dimensional fracton phases
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Summarizing

Non-topological CS-like theory for fractons ;

Generalized planar electromagnetism ;

Fractonic interpretation ;

Hall-like behaviour for dipoles.

Erica Bertolini A new covariant gauge field theory



A new
covariant
gauge field

theory

Erica Bertolini

What are
fractons?

Maxwell
theory of
fractons

3D fracton
models
1. Hall-like theory

2. Quasi-topological
fractons

Final Remarks

2. Quasi-topological fractons

Based on :
E.B., A.Blasi, N.Maggiore and D.Sacco Shaikh, JHEP 10 (2024) 232, Hall-like behaviour of higher rank CS theory
of fractons
E.B., A.Blasi, N.Maggiore, to appear on EPJC Quasi-topological fractons: a 3D dipolar gauge theory
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Searching for a new 3D theory

field content mass dim. symmetry theory
aµν , aνµ 1 δaµν = ∂µξν ?

Invariant action

S inv =

∫
d3x ϵµνρ a λµ ∂νaρλ .

On-shell vanishing energy momentum tensor

Tµν|EoM = 0 ,

⇒ “quasi-topological” !
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Decomposition
symm. antisymm. δhµν = ∂µξν + ∂νξµ

aµν = hµν + ϵµνρaρ ⇒
δaρ = −ϵραβ∂αξβ .

The invariant action becomes

S inv =

∫
d3x

(
ϵµνρh λµ ∂νhρλ − ϵ

µνρaµ∂νaρ + 2hµν∂µaν − 2h∂µaµ
)
.

T. L. Hughes, R. G. Leigh and E. Fradkin, Phys. Rev. Lett. 107 (2011), 075502, torsional response and dissipationless
viscosity in topological insulators

Hidden fracton symmetry

ξµ∝∂µϕ
−−−−−→ δaµν = ∂µ∂νϕ ⇒ δhµν = ∂µ∂νϕ ; δaρ = 0 .
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Electromagnetic analogy

EoM

δS inv

δhab
=

1
2

(
ϵ0amẼb

m + ϵ
0bmẼa

m

)
;
δS inv

δha0
= Ba ,

with

Ẽab = G̃ab0 ; Ẽa
a = 0 ; Ba = 2

3ϵ
0mnG̃a

mn ,

where

Gµνρ = Gνµρ ≡ ∂µaρν + ∂νaρµ − ∂ρ(aµν + aνµ)

= Fµνρ + ϵρµλ∂νaλ + ϵρνλ∂µaλ ,

is the invariant field strength, and

G̃µνρ ≡ Gµνρ − 1
4

(
2ηµνGλλρ − ηµρG

λ
λν − ηνρG

λ
λµ

)
,

its traceless part.
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Matter source and fractons

S J = −

∫
d3x jµνaµν = −

∫
d3x

(
Jµνhµν + Jµaµ

)
,

∂µ∂νJµν = 0 as “Hall-like” theory

ρ ≡ 2∂mJ0m ; dm ≡ −2J0m ; Jmn

fracton charge dipole dipole current

additional ∂µ jµν = 0

ϵ0ab∂aJb = −ρ ⇒ Ja = ∂a f + ϵ0abdb

∂0ω
n + ∂m jmn = 0 ,

with new vector charge

ωn ≡ j0n = −dn − 1
2ϵ

0na∂a f .
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Conserved quantities and physical intepretation

Charge and quadupole-like are conserved

∂t

∫
ωa = 0 ; ∂t

∫
xaω

a = 0 ,

⇒ ωa(x) =lineon.

If J0(x) = 0 two additional conservations :

∂t

∫
ϵ0abxaωb = ∂t

∫
f = 0

∂t

∫ (
xaxbω

b − 1
2 x2ωa

)
= 0 ,

⇒ “traceless vector charge theory”: ωa(x) = fracton.
M. Pretko, Phys.Rev.B 96, 035119 (2017) Generalized electromagnetism of subdimensional particles
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Extended Hall-like behaviour

From the EoM

symmetric part nonsymmetric
da = −2Ba ωa = Ba

+ flux attachment
Jab = σ̃abmnẼmn jab = σabmnEmn Hall-like current

with

Eab ≡ Gab0 = G̃ab0 +
1
2ηabGm

m0 = Ẽab +
1
2ηabE

m
m

Ba
± ≡ Ba ± 1

2ϵ
0abGµ

µb

σ̃abmn ≡ 1
4

(
ϵ0amηbn + ϵ0bmηan + ϵ0anηbm + ϵ0bnηam

)
σabmn ≡ σ̃abmn + 1

2ϵ
0abηmn ,

Erica Bertolini A new covariant gauge field theory



A new
covariant
gauge field

theory

Erica Bertolini

What are
fractons?

Maxwell
theory of
fractons

3D fracton
models
1. Hall-like theory

2. Quasi-topological
fractons

Final Remarks

Summarizing

New 3D fracton theory :

field content dim. symmetry theory
aµν , aνµ 1 δaµν = ∂µξν quasi-topological fractons

Generalized field strength and electromagnetic fields ;

New quasiparticle content :
- ρ =fracton ;
- di =lineon ;
- ωi =lineon (J0 , 0) or ωi =fracton (J0 = 0) ;

Generalized Hall-like behaviour ;

Relation with Cosserat elasticity?
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Review of results
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Review of results

New covariant theory for fractons
- Results of Literature from first principles of QFT
- Energy-momentum tensor
- Strong relation with LG.

3D Hall-like theory for fractons
- e.m. analogy
- traceless fractons
- Hall-like behaviour.

3D quasi-topological fractons
- extended e.m. analogy
- scalar and vector charge th.
- Hall-like behaviour for both charges.
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Future

Fractons and elasticity (stay tuned!) ;

Matter coupling (fracton QED) ;

BF-like models ;

Curved spacetime ;

Dualities ;

Relations with LG and gravity ;

Higher dimensions (d = 6) ;

...→ ∞
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Thanks for your attention!
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