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What are
fractons?

It’s a wonderfully rich wo

C.Chamon, Phys.Rev.Lett. 94, 040402 (2005) Quantum glassiness in strongly correlated clean systems: An example of
topological overprotection

J.Haah, Phys.Rev.A 83, 042330 (2011) Local stabilizer codes in three dimensions without string logical operators
B.Yoshida, Phys.Rev.B 88, 125122 (2013) Exotic topological order in fractal spin liquids

S.Vijay, J.Haah, L.Fu, Phys.Rev.B 92, 235136 (2015) A new kind of topological q order: A di ional hierarchy
of quasiparticles built from stationary excitations

S.Vijay, J.Haah, L.Fu, Phys.Rev.B 94, 235157 (2016) Fracton topological order, generalized lattice gauge theory and
duality

H.Ma, E.Lake, X.Chen, M.Hermele, Phys.Rev.B 95, 245126 (2017) Fracton topological order via coupled layers
‘W.Shirley, K.Slagle, Z.Wang, X.Chen, Phys.Rev.X 8, 031051 (2018) Fracton models on general 3-dimensional manifolds
H.Ma, M.Hermele, X.Chen, Phys.Rev.B 98, 035111 (2018) Fracton topological order from the Higgs and partial-
confinement mechanisms of rank-two gauge theory

D.Bulmash and M.Barkeshli, Phys.Rev.B 97, 235112 (2018) Higgs mechanism in higher-rank symmetric U(1l) gauge
theories

N.Seiberg, SciPost Phys. 8, 050 (2020) Field theories with a vector global symmetry

N.Seiberg, S.-H.Shao, SciPost Phys. 9, 046 (2020) Exotic U(1) symmetries, duality and fractons in 3+1-dimensional QFT
P.Gorantla, H.T.Lam, N.Seiberg, S.-H.Shao, SciPost Phys. 9, 073 (2020) More exotic field theories in 3+1 dimensions
N.Seiberg, S.-H.Shao, SciPost Phys. 10, 003 (2021) Exotic Zy symmetries, duality, and fractons in 3+1-dimensional QFT
P.Gorantla, H.T.Lam, N.Seiberg, S.-H.Shao, Phys.Rev.B 106, 045112 (2022) Global dipole symmetry, compact Lifshitz
theory, tensor gauge theory, and fractons

P.Gorantla, H.T.Lam, N.Seiberg, S.-H.Shao, Phys.Rev.B 107, 125121 (2023) Gapped lineon and fracton models on graphs

M. Pretko (et al.) :

Phys.Rev.B 95, 115139 (2017) Subdimensional particle structure of higher rank U(1) spin liquids

Phys.Rev.B 96, 035119 (2017) Generalized elec of subdi sional particles: A spin liquid story
Phys.Rev.D 96, 024051 (2017) Emergent gravity of fractons: Mach’s principle revisited

Phys.Rev.B 96, 125151 (2017) Higher-spin Witten effect and two-dimensional fracton phases

Phys.Rev.Lett. 120, 195301 (2018) Fracton-Elasticity Duality

Phys.Rev.B 98, 115134 (2018) The fracton gauge principle

Phys.Rev.X 9, 021003 (2019) Localization in Fractonic Random Circuits
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What are fractons? The d

mew Restricted mobility
gauge field
theory
@ fracton (OD) @ lineon (1D) @ planon (2D)
What are / /]
:::ct:ms? /

AL | Ve
/

What does it mean?

<N

- Dispersion (w = 0) ?

- Propagators ?

- Kinetic constraints ?

- lightcone limit (¢ — 0) ?
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Many Languages

A new o Lattice theory :
covariant .
gauge field - exactly solvable spin models
theory .
- quantum error correcting codes
- 46gapped’7
What are - Type I : fractons, lineons and planons
fractons? S.Vijay, J.Haah, L.Fu, Phys.Rev.B 94, 235157 (2016) Fracton topological order, generalized lattice

gauge theory and duality

- Type II : fractons only (fractal structure)
J.Haah, Phys.Rev.A 83, 042330 (2011) Local stabilizer codes in 3D without string logical operators

0
8 g l § /
@ Tensor gauge theory (Pretko) :
- A=Ay
- “gapless”

- Maxwell-like (H = E? + B? ; Gauss — limited mobility)
- Higher moment (dipole) conservations .
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fractons?

Origins and applications

@ Spin Glasses : slow thermal equilibrium

C. Chamon, Phys.Rev.Lett. 94, 040402 (2005) Quantum glassiness in strongly correlated clean systems: An
example of topological overprotection

@ Quantum Infomation : robust memories
J. Haah, Phys.Rev.A 83, 042330 (2011) Local stabilizer codes in 3D without string logical operators

@ Spin Liquids : higher spin generalization
M. Pretko, Phys.Rev.B 95, 115139 (2017) Subdimensional particle structure of higher rank U(1) spin liquids

@ Topological Lattice Defects : “fracton-elasticity duality”
M. Pretko and L. Radzihovsky, Phys.Rev.Lett. 120, 195301 (2018) Fracton-Elasticity Duality

@ Systems with dipole/multipole moment conservations

A. Gromov, Phys.Rev.X 9, 031035 (2019) Towards classification of Fracton phases: the multipole algebra
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What are
fractons?

The “Gauss” constraint

E' symmetric tensor “electric field”

Gauss: 0;0 jEij =p = dipole (DX) conservation

Dszdekpzdexkaja,-Eﬁz—de(?J-EkaO

single charges = fractons

dipoles = free

3

M. Pretko, Phys.Rev.B 95, 115139 (2017) Subdimensional particle structure of higher rank U(1) spin liquids

M. Pretko, Phys.Rev.B 96, 035119 (2017) G.
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What are
fractons?

The ingredients - 4D scal

Symmetric rank-2 tensor and scalar Lagrange multiplier :
Aij=A; . A
Symmetry and Gauss constraint :
SracAij = 00N 5 0:0;EV =p
Hamiltonian : Maxwell-like
H~E*+B
“Electric” and “magnetic” fields :
Eij=8,0jA0 - 00Aij 5 Bij=€md Al

M. Pretko, Phys.Rev.B 96, 035119 (2017) G lized electr ism of subdi ional particles
M. Pretko, Phys.Rev.B 96, 125151 (2017) Higher-spin Witten effect and two-dimensional fracton phases
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What are
fractons?

A generalized electromag

Noncovariant Lagrangian
L~ —Apd;0;E7 + ,A;;EY — EVE;; — BB;j + Aop + A;jJ"
Maxwell-like equations

0;0 jEij =p  Gauss (by construction)
diB7 =0  null div of B (by def)
d,B"7 — eim”amE,{ =0  Faraday (postulated)
O,EY + % (eim"Bman + ejm”émBni) = JY  Ampere (EoM)
Fractonic continuity equation

o+ c')i(?jlij =0 = §,D' =bdterms

Erica Bertolini A new covariant gauge field theory



Traceless scalar theory

A new

covariant ConStralntS .

gauge field alaJEl] =p (<) E; =0

theory

Additional conservation
‘What are

fractons? f dV x2p = 0

a component of quadrupole moment

= single charges p = fractons (0D particles)
dipoles Xp = planons (2D particles)

& 11

Erica Bertolini A new covariant gauge field theory

AN




A new
covariant
gauge field
theory

What are
fractons?

Vector charge theory

Gauss constraint :
8jEl] — pt
Conservations of
favE=0 [avexp=0

charge (“linear momentum”) “angular momentum”

= single charges g = lineons (1D particles)

N\
4 | \
!
/

=

Erica Bertolini A new covariant gauge field theory



Traceless vector theory

A new

covariant

gauge field Constraints .

theory

9EV=p" and E'=0

Tiets e Additional conservations
fractons?
de(ﬁ-x’) ~0 fdv[()?-ﬁ)f— 124 =0

= single charges g = fractons (0D particles)

/47\\ 1
w1 [~
/
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fractons?

“Practical” example : ela

The dictionary :

(3D)

Fractons Elasticity
E' u'l

(Electric tensor field) (Strain tensor)
Bi 7ri

(Magnetic vector field)

(Lattice momentum)

OE! + €19;B; = Jt

Trace of the “Ampere” equation

Ong + 0;J}, = !

continuity equation for vacancy #

fracton < disclination

Erica Bertolini

b

dipole < dislocation

M. Pretko and L. Radzihovsky, Phys.Rev.Lett. 120, 195301 (2018) Fracton-Elasticity Duality
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Weaknesses — Motivati

But (from a QFT point of view) :
@ ad hoc definitions...
e Ay?
@ non-covariant ;
@ inhomogeneous # of 9 ;

@ bizarre mass dimensions.

Erica Bertolini A new covariant gauge field theory
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fractons

Based on :

E.B. and N.Maggiore, Phys. Rev. D 106 (2022) no.12, 125008, Maxwell theory of fractons

A.Blasi and N.Maggiore, Phys. Lett. B 833 (2022), 137304, The theory of symmetric tensor field: from fractons to
gravitons and back

E.B., A.Blasi, A.Damonte and N.Maggiore, Symmetry, 15 (2023), no.4, 945, Gauging fractons and linearized gravity

Erica Bertolini . / ¢ iant gauge field theor:
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theory of

fractons

Approach : the symmetrr

QFT covariant (symmetry-based) technique

5fractAij = aiajA - 6fractAyv = ayavA >

Symmetry - Action - EoM
SgaugeAy = OuNx) -  [d*x FF,, — 8,F" =0
6fmctAyv = ayavA(-x) - ? - ?

The symmetry is the only ingredient !

(together with covariance, locality and power-counting)

Erica Bertolini A new covariant gauge field theory
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Maxwell
theory of

fractons

The building block: fract

New field strength F' ~ 0A

Maxwell Fractons
invariance | GSgaugeFuy =0 O fractFuvp = 0
cyclicity Fuo+Fy =0 | Fup+Fypy+ Fpupy =0
Bianchi eﬂvpac?VFp‘T =0 fayvpa#F'va =0
where

Fuyp = Fyup = 0,A,p + 0,Au — 20,A,, .

Erica Bertolini A new covariant gauge field theory




The action

The most general invariant action (6 fr4csS iy = 0) is

theory

Siny = ngfract + 22516 >

Maxwell Where
fractons S fract ~ fd4x FYPF uvp ~ f F?
4 1 M 1%4 1 uvp
Si6= | d'x (GFWFL" — P Fuy)
diffs £mlan fract
0Ayy = 04é, + 0,€, AN 0A,, = 0,0,

M.Pretko, Phys.Rev.D 96, 024051 (2017) Emergent gravity of fractons: Mach’s principle revisited

Bertolini A new covariant gauge field theory
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Maxwell
theory of

fractons

Remark : on the general

@ From the canonical momentum IT*” and the EoM
90,117 = 0

Gauss for the whole theory !

= fractonic behaviour for the whole theory? (LG?)

o If g1+ 2g2 =0
S iny [Apv] = Sinv[A,uv] 5 TIMVA/IV =0,

Traceless theory = Traceless fractons?

Erica Bertolini A new covariant gauge field theory



Maxwell theory for fractons (. — 0

Anew Equations of Motion (EoM) :

covariant

gauge field
a=£=0

theory 6ﬂFa,B/~‘ — 0 —_—

Erica Bertolini

EoM + Bianchi + Ag:

il Maxwell | Fractons
fractons V-E=0|0Ei=0 (3,0,E'=0 A)
V.-B=0| 8B’ =0
6 X E_')— 6,§ =0 EOIMijEij = a()Bli =0
6 X E alx a,ﬁ =0 aoE,'j alz % (GOiklakBlj alx E()jklakBll.) =0

with “electric” and “magnetic” tensor fields

EV = -F0 =2(°AT - 99/A") B/ = LeuF = eid' A

Erica Bertolini A new covariant gauge field theory
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Maxwell
theory of

fractons

The action

Using Electric and Magnetic tensors

81
S fract = Z f d*x F, F*P
1

-— | &*x(EVE;; - BVB;;) ,
o ) O B

Maxwell-like !

Claim : fractons are embedded in the covariant theory ‘

Erica Bertolini A new covariant gauge field theory
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Maxwell
theory of

fractons

Energy-momentum tenso

— 81 vp Ny
Top= ——— —(2F,,F," + F"F
whose components are :

Fractons Maxwell

TOOZ—% (EijE,'j+BijB,'j) = g1 <0

u = 3(E'E;+B'B)

_1 ja gk
Toi = €0ikE'*B,

Si = eoinE/B*

Tij =nijToo = EiaE} - %(BiaBj“ - BajBal-)

O','j = I]iju—E,'Ej—B,'Bj

A new covariant gauge field theory
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Maxwell
theory of

fractons

Continuity equation

EoM with matter coupling :

O F Pt = —J°F

Continuity equation

00 0pJ " = 2000;J"

+0;0;J9 =| dop + 0:0,J7 = 0

with charge p ~ 9;J% and Gauss now is

Erica Bertolini

6,‘(9]‘Eij =p.

A new covariant gauge field theory
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fractons

“Lorentz” force not by in

From the on-shell “conservation” of TH”
o,T" + f* =0,
the 4D “Lorentz” force on a dipole is

Fractons: [0 =E,J?% ; f =2J0E“-1e%™),,Ba

-

Maxwell: f° =E-J ; f =qE+q¢¥xB,
where charge, dipole and (dipole) current are

0% ~p . < piz=xp o JE ik kg

Erica Bertolini A new covariant gauge field theory
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Maxwell
theory of
fractons

Finally a well defined the

@ Covariant (Maxwell) theory for fractons :
Symmetry - Action - EoM

6AﬂV = 6ﬂaVA(x) - fd4x F'upr'uvp - aﬂFlIﬁ,u = O 5

@ Results of Literature from first principles of QFT :

V' electric and magnetic tensor fields ;
v Ao

v “Maxwell” equations ;

vV energy density ;

\/ “Lorentz” force on a dipole ;

o Energy-momentum tensor ;

@ Strong relation with LG.

Erica Bertolini A new covariant gauge field theory



A new
covariant
gauge field
theory

3D fracton models

3D fracton
models

Based on :
E.B., A.Blasi, N.Maggiore and D.Sacco Shaikh, JHEP 10 (2024) 232, Hall-like behaviour of higher rank CS theory
of fractons

E.B., A.Blasi, N.Maggiore, to appear on EPJC Quasi-topological fractons: a 3D dipolar gauge theory

Erica Bertolini . / ¢ iant gauge field theor:
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3D fracton
models

Motivations

QFT perspective of 3D rank-2 (fracton?) theories

Maxwell-like?
M. Pretko, Phys.Rev.B 96, 035119 (2017) G lized electr ism of subdi i I particles

Chern-Simons-like?
M. Pretko, Phys.Rev.B 96, 125151 (2017) Higher-spin Witten effect and two-dimensional fracton phases

Topological?

Elasticity?
M. Pretko and L. Radzihovsky, Phys.Rev.Lett. 120, 195301 (2018) Fracton-Elasticity Duality
A. Gromov, Phys. Rev. Lett. 122, 076403, Chiral Topological Elasticity and Fracton Order

Erica Bertolini A new c iant gauge field theor:
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1. Hall-like theory

1. Hall-like theory

Based on :
E.B., A.Blasi, N.Maggiore and D.Sacco Shaikh, JHEP 10 (2024) 232, Hall-like behaviour of higher rank CS theory
of fractons

E.B., A.Blasi, N.Maggiore, to appear on EPJC Quasi-topological fractons: a 3D dipolar gauge theory

rica Bertolini A new covariant gauge field theory



Symmetry principle

A new
covariant
gauge field
theory
Symmetry — 3D Action — 3D EoM
5fracla,uv = ayavA(x) - ? - ?

But : the symmetry is NOT the only ingredient...

Mass dimensions :

1. Hall-like theory

° [a,uv] = %

o |[au]

Erica Bertolini A new covariant gauge field theory
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1. Hall-like theory

The invariant action

Most general invariant action
Sim = fd3x G”Vpaﬂ,iﬁva/; ,
(traceless) Chern-Simons-like, but not topological
Ty = —e“ﬂy(aa,,aﬁaw + Agy0pay,) # 0,

however, on-shell (fractonic embedding)

deTOO:O.

Erica Bertolini A new covariant gauge field theory



Generalized (planar) elec

A new On_shell EOMOO

covariant
gauge field

theory 5 S .
my

=0 = aga = 8aa0
6a00

Electromagnetic analogy

Scs . oap E, - OSiny _ 1 ( kD 4 00k Eak)
0A, Sag
1. Hall-like theory (SSCS « B . 6va _ Ba ’
0Ag Saog
with

Ew=Fao : E4=0 :; B'=3"F,,

and F* traceless invariant field strength.

Erica Bertolini A new covariant gauge field theory




Fractonic behaviour

.

MoMXL,

A new
covariant
gauge field
theory

Matter coupling
S = fd3x(€‘”pa#,1(')va’:) - aw]’”) ,

fractonic continuity equation

3op + OmOpd™ = 0

with
— Om . m _— _» j0m . mn
p=20,J ; dh=-=-20 ; J
charge dipole dipole current

Erica Bertolini A new covariant gauge field theory



Physical interpretations

A new
covariant

gauge field continuity equation — three conservation equations :

theory

('),fp=c0nst ; Btf)?p=const ; (9,fx2p=const,

of charge, dipole and a component of the quadrupole.

’ Traceless scalar fracton theory : dipole = lineon (1D) ‘

1. Hall-like theory
2D bodocs / =D bovdacy

A1/

Erica Bertolini A new covariant gauge field theory



A new

covariant

gauge field . . . .
theory Equations of motion — Hall-like behaviour

std Chern-Simons ‘ fractonic Chern-Simons

p=B d* = -2B¢ flux attachment
J¢ = o E, J = gabmn Hall(-like) current

1. Hall-like theory

with (dipole-like) fractonic conductivity

O.abmn = %( GOamnbn + 60bmnan + 60annbm + GObnnam) )

M. Pretko, Phys.Rev.B 96, 125151 (2017) Higher-spin Witten effect and two-dimensional fracton phases
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1. Hall-like theory

Summarizing

@ Non-topological CS-like theory for fractons ;
@ Generalized planar electromagnetism ;
@ Fractonic interpretation ;

o Hall-like behaviour for dipoles.

Erica Bertolini A new covariant gauge field theory
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2. Quasi-topological
[

Based on :
E.B., A.Blasi, N.Maggiore and D.Sacco Shaikh, JHEP 10 (2024) 232, Hall-like behaviour of higher rank CS theory
of fractons

E.B., A.Blasi, N.Maggiore, to appear on EPJC Quasi-topological fractons: a 3D dipolar gauge theory

Erica Bertolini . / ¢ iant gauge field theor:



Searching for a new 3D t

A new
covariant
gauge field

theory field content | mass dim. | symmetry | theory
Quy F Ay 1 oa,, = 0,&, ?

Invariant action
Sinv = deX P a;f(?vapi .

On-shell vanishing energy momentum tensor

2. Quasi-topological
fractons

TyleoM =0,

= “quasi-topological” !

Erica Bertolini A new covariant gauge field theory



Decomposition

0uéy + 0,€,

symm.  antisymm. 6hllV
o
hyy ‘ +| €upd’ | =

Qyy =

Saf = P, p .
The invariant action becomes
_ 3 vog A v, v
Simy = f dx (P h0,hor - €0 a,dya, + 2y 'a” — 203" .
T. L. Hughes, R. G. Leigh and E. Fradkin, Phys. Rev. Lett. 107 (2011), 075502, torsional response and dissipationless

viscosity in topological insulators

Hidden fracton symmetry

Eucdud
L5 Say =80, = by =08,0,6 ; 8a°=0.

Bertolini A new covariant gauge field theory



A new EOM

covariant
gauge field

theory 6S inv 1 Oam b 0b 6S inv
= — E + mEa ) - Ba »
Sy =2\ ES)
with
~(lb = GabO ’ Eag = 0 B Ba - %Eomnéamn ’
where

2. Quasi-topological GIJVP = GVHP = a}lapV + aVap/l - ap(auv + aV/.l)
fractons

P 2
= Fuyp + €20,a" + €,,,0,a" ,
is the invariant field strength, and
A 1 2 p| P!
Gup =Gup — 1 (2’7/~th 2~ MGy = G /1/1) ,

its traceless part.

A new covariant gauge field theory



Matter source and fracto

A new

covariant
S, = f Pxfa = f Fx (P + Pay)
@ 0,0,J*" = 0 as “Hall-like” theory

p=28,J"  d"=-2J" Jm
fracton charge dipole dipole current

@ additional 9, j*" = 0

anbanb =—p = J,=0,f+ e()abdb
Oow" + 0, J™

Il
)

with new vector charge

Erica Bertolini A new covariant gauge field theory




Conserved quantities and

A new

;:{f;‘:iﬁ‘:}‘d Charge and quadupole-like are conserved

theory
Otfa)“=0 ; 8,fxaw“:0,

= w*x) =lineon.
If Jo(x) = 0 two additional conservations :

2. Quasi-topological a feoab‘x (l.) f f 0

;r.m‘lm\s
0; f(x xpb — %xzw“) =0,

= “traceless vector charge theory”: w?(x) = fracton.

of subdi ional particles

M. Pretko, Phys.Rev.B 96, 035119 (2017) Generalized electr

Erica Bertolini A new covariant gauge field theory
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2. Quasi-topological
fractons

Extended Hall-like behav

with

From the EoM
symmetric part | nonsymmetric
d* = -2B“ =54 flux attachment
J = gabmn g j* = O'“bm"Smn Hall-like current
— ~ 1 i 1
Eab = Gapo = Gavo + 3MabG g = Eab + 3Ma6E
B =B + OabGﬂ
—
~abmn _ Oam , bn 0bm __an Oan bm Obn__am
=7 ( not+en nt+en )
a_abmn = ~abmn + % €Oab mn ,
Erica Bertolini A new covariant gauge field theory



Summarizing

A new
covariant

sauge field @ New 3D fracton theory :
theory
field content | dim. | symmetry theory
Auy F Ay 1 oa,y = 0,&, | quasi-topological fractons

o Generalized field strength and electromagnetic fields ;

@ New quasiparticle content :
- p =fracton;
- d' =lineon ;
- o' =lineon (Jy #0) or ' =fracton (Jy =0);

@ Generalized Hall-like behaviour ;

@ Relation with Cosserat elasticity?

Erica Bertolini A new covariant gauge field theory
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Final Remarks :

Review of results

Final Remarks
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Final Remarks

Review of results

o New covariant theory for fractons
- Results of Literature from first principles of QFT
- Energy-momentum tensor
- Strong relation with LG.

o 3D Hall-like theory for fractons
- e.m. analogy
- traceless fractons
- Hall-like behaviour.
@ 3D quasi-topological fractons
- extended e.m. analogy
- scalar and vector charge th.
- Hall-like behaviour for both charges.

Erica Bertolini A new covariant gauge field theory
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Final Remarks :

Future

Final Remarks
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Final Remarks

Future

Fractons and elasticity (stay tuned!) ;
Matter coupling (fracton QED) ;
BF-like models ;

Curved spacetime ;

Dualities ;

Relations with LG and gravity ;
Higher dimensions (d = 6) ;

..™ ™ OO
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Thanks for your attention!

Final Remarks
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