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Modern understanding of generalised symmetries

&

Long-standing knowledge of T-duality
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GENERALISED GLOBAL SYMMETRIES

· Action on fields -> topological operators (Gaiotto
, Seiberg , Kapustin , Willet(4)

- Higher form
-- charged line

- Higher group -- Non-invertible - eicj
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GENERALISED GLOBAL SYMMETRIES

· Action on fields -> topological operators (Gaiotto
, Seiberg , Kapustin , Willet(4)

- Higher form
-> charged line

- Higher group v -- Non-invertible - eicj

· Some genuinely new predictions

· More systematic understanding of QFTs

· Prototypical example : free compact boson in 2d
(Frolich, Fuchs , Runkel , Schweigert '0G
Bachas

,
Brunner

, Roggenkamp '12

Chang , Lin , Shao , Wang , Yin 'Is

Thorngren, Wang '21
Damia

,
Galati

,
Hulik

,
Mancani 124

Bharadwaj , Niro , Roumpedakis 124)
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GOAL OF THE TALK

Non-linear Sigma models in Id have a

non-invertible symmetry related to T-duality
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GOAL OF THE TALK

Non-linear Sigma models in Id have a

non-invertible symmetry related to T-duality

REASONS TO CARE

SMS NON-INVERTIBLE SYM
-

· Spontaneous symmetry breaking ·Non-renormalisation of
· String Theory coupling constants

·Strong coupling · New Ward identities
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OUTLINE

· Introduction

· NLSMs and their grouplike symmetries

· Non-invertible defects in NLSMs

· Applications

· Conclusion and outlook
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PART

NON LINEAR SIGMA MODELS
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NON-LINEAR SIGMA MODELS WITH WE TERM

· Theory of maps % : -> M
.
Choose local coordinates X"and write action

S= )gijdxined+ Mijn xindn

↑ &V =w

where :

W worldsheet

9 metric on M

H closed 3-form ,i [H] = H(M ,2)
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NON-LINEAR SIGMA MODELS WITH WE TERM

· Theory of maps % : -> M
.
Choose local coordinates X"and write action

S= )gijdxined+ Mijn xindn

↑ &V =w

where :

W worldsheet

9 metric on M

H closed 3-form [H] = H(M ,2)

· U(I)9 isometry of M -> fibration +& + M+ B
T
d

Th
· When is Xi X*&km a global B

symmetry of the NLSM ?
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ISOMETRY SYMMETRY

S= )gijdxn+Mind=

· Necessary condition : 2ng = 0 ,
2xH =0
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ISOMETRY SYMMETRY

S= )gijdxn+Mind=

· Necessary condition : 2ng = 0 ,
2xH =0

· However
JS = <S in

G(N)

· Two possibilities

- H = du exact -> U(l) isometry symmetry

- 1 H not exact > & isometry symmetry
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'T HOOFT ANOMALY

· Idea : garge by promoting derivative to covariant derivative

DXi = dxi - cki

· Garged action (Hull
, Spence 189)

ggarged= In 9; DXineDXi +Hijk DXnDxinDx + )dCnviDx
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'T HOOFT ANOMALY

· Idea : garge by promoting derivative to covariant derivative

Dxi = dxi - cki

· Garged action (Hull
, Spence 189)

ggarged= In 9; DXineDXi +Hijk DXnDxinDx + )dCnviDx

· Can't always be written onW

ggarged-gauged (ndC Anomaly ina

· Coefficient p = /(kVI-X and there is Up non-anomalous subgroup
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EXAMPLES

1) M = S3 and H= sino dondnd

k = &p (H= SinOdondt -v = k(dP-LCS0d4)

U(I) symmetry with anomaly 1v1 = R =-> Non anomalous IR

9/27



EXAMPLES

1) M = S3 and H= sino dondnd

k = &p (H= SinOdondt -v = k(dP-LCS0d4)

U(I) symmetry with anomaly 1v1 = R =- Non anomalous IR

2) M = SxS' and H= sind dondd
k = da - Sy(H = m - S = xk

Ep symmetry @++ (non-anomalous)
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T-DUALITY

· Add lagrange multiplier to garged action

5= (n9DxineDi +Hik DXnDxinD + )dCnviDx + Sund*
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T-DUALITY

· Add lagrange multiplier to garged action

5= (n9DxineDi +Hik DXnDxinD + )dCnviDx + Sund*

·Path integral over * : S[aX] =Z Stax
- Continuous part : dc = 0 -> C is flat

- Periods : I pisgaged + iSd)-()-2π - C is topologically trial

· T-dual descriptions in torms of X or X by order of path integral

· Example : 51 - 53 -52 52 xs1
(Alvarez

,
Alvarez-Gaume

,
Barbon

,
Lozano 193)

>

H = 0 H+0
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PART III

NON-INVERTIBLE DEFECTS IN NLSMS
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TOPOLOGICAL DEFECTS

· Symmetry -> Conserved charge

daj = 0 - a = Sa-

· Symmetry topological operator

U (Md-) = eicSoa,j
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TOPOLOGICAL DEFECTS

· Symmetry -> Conserved charge

daj = 0 - a = Sa-

· Symmetry topological operator

U (Md-) = eicSoa,j

·Subsector of topological operators -> generalised symmetries

· Action by linking , shrinking , moving them around

- --
12/27



NON-INVERTIBLE SYMMETRIES

· Fusion of topological operators : OPE in correlation function

< Iy= Y
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NON-INVERTIBLE SYMMETRIES

· Fusion of topological operators : OPE in correlation function

< Iy= Y
- Grouplike symmetry :

x=
- Non-invertible symmetry : no reason OPE has only one term

<T= /EY + c <Y +...

· Many ways to find non-invertible symmetries -> Here, half-space gauging
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HALF-SPACE GAUGING
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HALF-SPACE GAUGING

-

1-Theory 1 in space W with finite global symmetry G

2-Gange G in half of space I

3 - Impose boundary conditions on the new garge fields
that ensure the interface is topological

4- Sometimes
,
a duality implies T/GET

5 - Then
,
we have defined a topological defect of , N(U)

(Choi, Cordova, Usin, Lam ,
Shao'21

N-NT
=[Ug - Non-invertibla

Kaidi
,
Ohmori

, Zheng (21)

T duality TT PG G
-

W

I
N

original theory I
j

ganged theory
-

original theory

I

I-
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SELF-DUALITY DEFECTS IN THE COMPACT BOSON
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SELF-DUALITY DEFECTS IN THE COMPACT BOSON

W

N It
· In : Sp=dred z

Shift symmetrya + p + const . ULI)p

· In 4 : S=(dp-n(d-c
Sid-Su== Self-duality

condition

· Model at fixed value of the radius has non-invertible symmetry

· Needed : Shift symmetry + T-duality

15/27



NEXT: THE 3-SPHERE W

N It
z

· In : S3 (as Hopf fibration) + WZ

& = R((2d-cos +din-oso and
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NEXT: THE 3-SPHERE W

N It
z

· In : S3 (as Hopf fibration) + WZ

& = R((2d-cos +din-oso and

· In I , gauge discrete subgroup of the shift :

S=(2D-odd
S[dC]-Si=(2-dcod

Tt

·Self-duality conditions :

R= P =1
-> Non-invertible symmetry

SU(2)
p
NEW

O
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GENERI NON-LINEAR SIGMA MODEL

· Isometry of target space -> Ep non-anomalous subgroup of global symmetry

· Gauge with lagrange multiplier

Sn9DxineDi+ Hik DxnDxinD +dcnviDx + Send*

· What are the self-duality conditions?
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GENERI NON-LINEAR SIGMA MODEL

· Isometry of target space -> Ep non-anomalous subgroup of global symmetry

· Gauge with lagrange multiplier

Sn9DxineDi+ Hik DxnDxinD +dcnviDx + Send*

T
d

· What are the self-duality conditions? Th
B

· Two main characters : topological data of the fibration (Hull 106

1
.
Connection associated with the metric A

*-z)dA" : Chern classes

2
. (kmH= &Vm : also a connection 1-form- /dVm : H-classes

17127



SELF-DUALITY DEFECTS IN NLSMS

W
· Gauge Up symmetry in + N It

z

·Self-duality conditions :

1. Topological -> H-class = px Chern class

Ensures that global symmetries are the same in N and It

2. Geometrical

· Norm of Killing vectors Gmu = gij kinkin (Gme + Bmu=(
· b-field along fibre Bmn = [mun
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SELF-DUALITY DEFECTS IN NLSMS

W
· Gauge Up symmetry in + N It

z

·Self-duality conditions :

1. Topological -> H-class = px Chern class

Ensures that global symmetries are the same in N and It

2. Geometrical

· Norm of Killing vectors Gmu = gij kinkin
-> (Gmn + Bmul(

· b-field along fibre Bmn = [mun

· Examples :

- Torns
, spheres

- Lens spaces
,

TP19 manifolds

-General Wess-Zumino-Witten models : SU(N)r
, Spin (NIR

- Nilmanifold , squashed S3 (not conformal)
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PART IV

APPLICATIONS
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A PUZZLE

· Symmetries are preserved by RG unless a symmetry breaking deformation

is introduced

· Non-conformal NLSM :

NLSM with non-invertible symmetry

3 RG G = E
21)

?
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A PUZZLE

· Symmetries are preserved by RG unless a symmetry breaking deformation

is introduced

· Non-conformal NLSM :

NLSM with non-invertible symmetry

3 RG &

G=

? this flows

· Prediction : self-duality condition preserved by the flow

· Non-invertible symmetry protects G from quantum corrections

20127



NON-RENORMALISATION : 1-LOOP

· 1-loop B-function for the metric of NLSMs

B = c (Rij - Hiki Mike (
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NON-RENORMALISATION : 1-LOOP

· 1-loop B-function for the metric of NLSMs

B = c (Rij - Hiki Mike (

· Isometries are preserved by RG flow : S'GM- + B

Choose coordinates (YM
,
X) :

g = 5 + GdXnedX + Bc = BYx

· Rewrite in terms of curvatures F
,

F on the base B

Chern class : [F] H-class : [F]

· Massage : &
B= FurFru-e FrEur)

(also at
· i vanishes for self-duality conditions ! = =pF 2-loops)
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NON-RENORMALISATION : NON-PERTURBATIVE EXAMPLE

· Non-linear Sigma model on a group manifold

S = -(t(dgS(gdg
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NON-RENORMALISATION : NON-PERTURBATIVE EXAMPLE

· Non-linear Sigma model on a group manifold

S = -(t(dgS(gdg

· Only one coupling constantX

· Self-duality=> By = 0 => Conformal symmetry

· Indeed
, self-duality condition = WZN condition

=

· Conjecture : non-renormalisation at the non-perturbative level

should be general (symmetry reason

22/27
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WARD IDENTITIES

· Derived by nucleating defect and sweeping operator insertions

(Bharadwaj , Niro, Roumpedakis '25)

- A - I O
-
! X X

· Action on vertex operators X = X

Compact boson : momentum as winding
General NLSM : WIP

· Ward identities depend on the genus of the worldsheet

· In String Theory , the non-inverible is broken by the genus expansion

(Heckman
,
McNamara

,
Montero

,
Sharon

, Vafa, Valenzuela 124

Kaidi
,
Tachikawa

, Zhang'24)

23127



THE DEFECT IN TARGET SPACE

24/27



THE DEFECT IN TARGET SPACE

· Similar object : T-fold ~ T-duality in half space

&
-

NLSM NLSM S

-

-

Smooth/transparent because it's the same quantum theory

24127



THE DEFECT IN TARGET SPACE

· Similar object : T-fold ~ T-duality in half space

&
-

NLSM NLSM S

-

-

Smooth/transparent because it's the same quantum theory

· Non-invertible defect -> Not a T-fold but similar idea

1) Self-duality
-

same "radius"

conditions on both sides

Non-trivial action

2) on vetex operators ->
Not

transparent
on the worldsheet
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PARTV

CONCLUSION AND OUTLOOK
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CONCLUSION

· Field configuration corresponding to non-invertible defect
- Any orientable worldsheet W

- No role of conformal symmetry
- Requirement : Isometry without fixed points
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· Half-space ganging subtleties and fusion rules

· Many examples satisfy self-duality conditions : NEW
, wilfolds, ...

· Also holds for N= (1 , 1) Jusy NLSMs (use superfields)
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, Papadopoulos, Spence 191)
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CONCLUSION

· Field configuration corresponding to non-invertible defect
- Any orientable worldsheet W

- No role of conformal symmetry
- Requirement : Isometry without fixed points

· Half-space ganging subtleties and fusion rules

· Many examples satisfy self-duality conditions : NEW
, wilfolds, ...

· Also holds for N= (1 , 1) Jusy NLSMs (use superfields)
(Hull

, Papadopoulos, Spence 191)

· Ward identities and No Global Symmetries

· Constraints on RG flows
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OUTLOOK

· Ward identities in full generality

· Target space picture

· self-duality conditions under RG
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OUTLOOK

· Ward identities in full generality

· Target space picture

· self-duality conditions under RG

· other string dualities? e
.g. Mirror symmetry

· Constraints on IR phases after symmetry preserving deformations

· Many moree...
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