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TWISTED STRING THEORY

Conjecture ([Costello and Li, 2016])

There exist backgrounds for type II strings with the following
properties:

the supergravity approximation describes fluctuations around a
twisted supergravity background.
worldvolume theories of D-branes in such backgrounds are
subjected to a holomorphic-topological twist.

In such backgrounds, type II strings are equivalent to certain
topological strings.

Vast generalization of previously studied relations between type II
and topological strings.
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MOTIVATION CONTINUED

The worldsheet theory of a topological string is a 2d fully-extended
TQFT.

Theorem ([Costello, 2006, Lurie, 2009])
The following types of data are equivalent

symmetric monoidal functors Z : Bordor

2 → DGCat
Calabi-Yau categories

Can we extract BPS subsectors of worldvolume theories of D-branes
and supergravity from the data of a Calabi-Yau category?



Motivation From the worldsheet to the target Twisted open strings Expected structures Application: Hall algebras in string theory

PERTURBATIVE CLASSICAL FIELD THEORIES

Definition
A perturbative Lagrangian classical field theory on M is

a graded vector bundle E → M with sheaf of sections E
a collection of polydifferential operators {ωn : E→n

→ E [2 ↑ n]}
equipping E with the structure of an L↑-algebra
a nondegenerate invariant pairing ↓↑,↑↔ : E

→2
→ DensM of

degree ↑3.

Example
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NONPERTURBATIVE CLASSICAL FIELD THEORIES

Definition
A Lagrangian classical field theory on M is a (↑1)-shifted symplectic
stack

Example
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LAGRANGIAN TOPOLOGICAL FIELD THEORIES

Examples describing topological field theories can be placed in the
context of the Atiyah-Segal axioms

Proposition ([Calaque et al., 2022])

There is a symmetric monoidal (↗, n)-category Lags

n
with

objects: s-shifted symplectic stacks
i-morphisms: i-fold Lagrangian correspondences

Moreover every object is fully dualizable.

Definition
An n-dimensional Lagrangian topological field theory is a symmetric
monoidal functor

Z : Bordor

n
→ Lags

n

Proposition ([Calaque et al., 2022])

For any s-shifted symplectic stack Y, the functor Map((↑)B,Y)
defines a Lagrangian TFT.
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STRING FIELD THEORIES FROM CALABI-YAU CATEGORIES

The following field theories are associated to a Calabi-Yau d-category.

Open Closed

Formal F ↘ Ob(C) ↭ EndC(F)
controls deformations of F

HC↓(C)[1 ↑ d]
controls deformations of C
[Brav and Rozenblyum, 2018]

Global
moduli of objects MC
(2 ↑ d)-shifted symplectic
[Brav and Dyckerhoff, 2018]

moduli of CYd categories

(5 ↑ 2d)-shifted Poisson
[Coates, 2008]
[Barannikov and Kontsevich, 1998]
[Costello and Li, 2012]

Open-closed coupling encoded in a Lie map
HC↓(C)[1 ↑ d] → SVect(MC) [Brav and Rozenblyum, 2018]
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TWISTED SUPER YANG-MILLS THEORIES

Perturbative twists of super Yang-Mills theories are classified [Elliott
et al., 2020]:

We wish to find these as perturbative open string theories.
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TWISTED SUPER YANG-MILLS THEORIES AS OPEN STRING THEORIES

Theorem ([Yoo, 2025])
For every perturbative Lagrangian classical field theory E describing
a twist of pure GL(N) super Yang-Mills theory, there is a pair

a Calabi-Yau category C

an object F ↘ Ob C
such that E ≃= EndC(F).

Example
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TWISTED SUPER YANG-MILLS THEORIES AS OPEN STRING THEORIES

Theorem ([Yoo, 2025])
For every perturbative Lagrangian classical field theory E describing
a twist of pure GL(N) super Yang-Mills theory, there is a pair

a Calabi-Yau category C

an object F ↘ Ob C
such that E ≃= EndC(F).

The categories C that appear as such all have the form
Loc(M)⇐ Perf(X) where M is a compact n-manifold, and X is a
Calabi-Yau d-fold, with n + d = 5.

If n is odd, C describes a twist of type IIA
If n is even, C describes a twist of type IIB
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LAGRANGIAN TFTS FROM OPEN STRING FIELD THEORY

The global open-string field theories associated to such categories
have an extra bit of structure.

Proposition ([Kinjo et al., 2024])

Let C be a smooth Calabi-Yau d-category and M a compact
k-manifold. Then there is an equivalence of (2 ↑ k ↑ d)-shifted
sympelctic stacks

MLocM→C ≃= Map(MB,MC).

The RHS is the value of a Lagrangian TFT on M. We would like to say
the LHS is as well.
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NONCOMMUTATIVE AKSZ THEORIES

Proposition ([Bozec et al., 2024])

There is a symmetric monoidal (↗, n)-category CYd

n
with:

objects: Calabi-Yau d-categories
i-morphisms: i-fold Calabi-Yau cospans

Every object is fully dualizable.

Definition
A noncommutative AKSZ theory is a symmetric monoidal functor
Bordor

n
→ CYd

n
.

Theorem ([Bozec et al., 2024])

Bordor

n
CYd

n

Lag2↓d

n

Loc(↓)→C

Map((↓)B,MC)
M(→)
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DOMAIN WALLS

Suppose we want to evaluate a nc-AKSZ theory Loc(↑)⇐ C on

⇒ X ⇑↘ Bordor

n

Cobordism hypothesis with singularities [Lurie, 2009],
[Johnson-Freyd and Scheimbauer, 2017], [Stewart, 2024]: need to
specify a natural transformation

ε↔n↓1 (Loc(↑)⇐ C)→2
→ ε↔n↓1 (Loc(↑)⇐ C)

Suffices to specify a Calabi-Yau cospan

D

C ⇓ C C
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DOMAIN WALLS

Any Calabi-Yau category C has a canonical cospan

C ⇐ Sh (R) ≃= C ⇐Mod(A2)

C ⇓ C C

↭ ε↔n↓1 (Loc(↑)⇐ C) is an algebra object in Fun→(Bordor

n↓1,CY
d

n↓1)

Goal: deform the outputs of such theories and then quantize



Motivation From the worldsheet to the target Twisted open strings Expected structures Application: Hall algebras in string theory

QUANTIZATION

Shifted geometric quantization [Safronov, 2020]:

n-shifted symplectic stack
X

n-gerbe G with c1(G) = ϑ

n-shifted Lagrangian
foliation M → TX

↭
n- category of sections
!↗(X,G) flat along the leaves
of M

Hope

Shifted geometric quantization is functorial and monoidal

Bordor

n
Lag

2↓d,prequant

n

Cat2↓d

ZC
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SU(4)-INVARIANT TWIST OF TYPE IIA

Let X be a Calabi-Yau 3-fold
↭ twist of IIA on T

↘
M ⇒ X ⇒ C where M is a compact one-manifold.

↭ Calabi-Yau 2 category C = Perf(X ⇒ B
2Ga).

↭ 1d nc-AKSZ theory Bordor

1 → CY
2
1

Proposition

The commutative limit is given by Map ((↑)B,T
↘
MPerfX).

There is a Maurer-Cartan element in HC↓(C)[↑1] whose image under
the map HC↓(C)[↑1] → SVect(MC) deforms T

↘
MPerfX to (MPerfX)dR.

↭ family of ncAKSZ theories whose commutative limit is
Map ((↑)B, (MPerfX)Hod).
↭ family of TQFTs ZCω by geometric quantization.
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SU(4)-INVARIANT TWIST OF TYPE IIA

Want to describe ZCω ↑=0(pt).

Conjecture

Let X be a (↑1)-shifted symplectic stack admitting orientation data.
Then H

•
crit

(X) agrees with a geometric quantization of XdR as a
0-shifted symplectic stack.

Granting this, we see that ZCω ↑=0(pt) should recover the
cohomological DT invariant of PerfX.
The algebra structure coming from that on the ncAKSZ theory is
CoHA multiplication.
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U(1)-INVARIANT TWIST OF TYPE IIB

Let N be a compact 3-manifold
↭ twist of IIB on T

↘(M ⇒ N)⇒C where M is a compact one-manifold.
↭ Calabi-Yau 2 category C = Loc(N)⇐ Perf(B2Ga).
↭ 1d nc-AKSZ theory Bordor

1 → CY
2
1

Proposition

The commutative limit is given by Map((↑)B,T
↘
MLocN).

Same deformation as before gives a family over A1 - generic fiber
is compactification of KW twist of 4d N = 4 at ” ⇑= 0,↗ on N.
Recover the cohomological DT invariant of Loc(N) as the state
space.
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SU(3)-INVARIANT TWIST OF TYPE IIB

Let # be a proper curve
↭ twist of type IIB on T

↘(C ⇒ #)⇒ C where C is a proper curve.
↭ Calabi-Yau 1-category C = Perf(T↘#⇒ B

2Ga).
↭ 2d nc-AKSZ theory Bordor

2 → CY
1
2

Proposition

There is an equivalence of 1-shifted symplectic stacks
MC = T

↘[1]Higgs#.

The 1-shifted geometric quantization is IndCoh(Higgs#).
The expected algebra structure is the categorified Hall structure
of [Porta et al., 2023].
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SU(3)-INVARIANT TWIST OF TYPE IIB

Let # be a proper curve
↭ twist of type IIB on T

↘(C ⇒ #)⇒ C where C is a proper curve.
↭ Calabi-Yau 1-category C = Perf(T↘#⇒ B

2Ga).
↭ 2d nc-AKSZ theory Bordor

2 → CY
1
2

The dg Lie algebra HC↓(C) carries an action by S-duality
[Raghavendran and Yoo, 2019]. There are two deformations in the
same orbit such that under the map to symplectic vector fields

one deforms T
↘[1]Higgs# to T

↘[1]Flat#.
one deforms T

↘[1]Higgs# to T
↘[1](MPerf!)dR.

The 1-shifted geometric quantizations of these are IndCoh(Flat#) and
IndCoh((MPerf!)dR) respectively.
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QUESTIONS AND DESIDERATA

Noncommutative counterparts to prequantizations and
polarizations

C MC
Prequantization ?? n-gerbe G with c1(G) = ϑ

Polarization ?? M → MC Lagrangian foliation
Noncommutative counterpart to action of
polarization-compatible Hamiltonians

HC↓
• (C)[1 ↑ d] SVect(MC)

HC•(C)[2 ↑ d] O(MC)[2 ↑ d]

?? O↗(MC)[2 ↑ d] ⊋ !↗(MC ,G)

WIP: use cobordism hypothesis with singularities to codify
brane constructions of boundary conditions and defects
What role do t-structures play in this story?
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Thanks!
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