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Positivity in EFTs



Effective field theories

Effective field theories (EFTs) are a way to approximate the full theory in terms of the
field content at lower energies.

Example: standard model EFT (SMEFT):

Lo~ Lsm+ Y Y 2,

d>4 i

where {(’)I(d)} is a basis of operators (containing SM fields) of mass dimension d.

The coefficients £(?) are called Wilson coefficients.
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Two-to-two forward scattering

Two particles of momentum p are colliding: \ /

/\

The v; are elements in a finite dimensional C-vector space V., corresponding to the irrep
of the particle type.

We define the S-matrix S: vi®vs — v3®v, and the forward scattering amplitude:

A(s): (Ve@ Vo) x (Ve® V) — C
(vaw)x (Vew)r— (Vaw, (§-Id)(vew)),

where s is the center-of-mass energy.
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Properties of the amplitude

The forward scattering amplitude
Als): (Ve Vo) x (Ve V) —C
(veaw)x (Vew)r— (Vew, (§-Id)(vew))
has the following properties:

e crossing symmetry: A(s)(v1, v2, v3, vg) = A(s — m?)(v1, Vs, v3, ¥2),
with m? sum of the four masses squared

® in addition assume A(s)(vi, v, vz, va) = A(s)(v2, v1, va, v3)
(~ parity conservation)
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Unitarity, Causality & Locality

e Unitarity, i.e. S-matrix is unitary
~~ optical theorem

e Causality, i.e. observables commute at space-like distance

~» A(s) can be analytically continued to the complex plane

¢ Locality, i.e. Lagrangian consists of local operators (+ extra assumption)

~» A(s) is quadratically bounded for large s
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Positivity bounds

Assume a given EFT is the low energy limit of a unitary, causal & local QFT

= Positivity bounds on Wilson coefficients!!

.- N
// N\
/7 N\
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Schematically: For small s, write / .
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Then we obtain bounds on A for k > 2. N 7

Remmen&Rodd '19
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The positivity cone

Restrict A(s) to real subspace V C V. of self-conjugate vectors.

Then the positivity bounds can be expressed in terms of
d2
M=— A(s) +c.c
ds? s=m?/2 ( )
as MeC:=conv{Q® +7Q%: Qe Sym?V or Q € A2V},

where 75(v1, va, v3, va) = S(v1, va, v3, v2).

Observe: C is a closed convex cone.
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Convex cones & extremal representations
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Convex cones and dual cones

Recall: C c RN is called

® aconeifforall xeC, A >0 we have Ax € C;

e convex if for all x,y € C, t € [0,1] we have tx+ (1 —t)y € C.

Definition: The dual cone C* of a cone C C RN is defined as

C*:{XGRN:<x,y)ZOVy€C}.

Example: Cone P, of symmetric positive semi-definite n X n matrices satisfies P} = Pp,.
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Faces and extremal rays

A face of a convex set C is a convex subset C' C C
such that every closed line segment in C with interior
point in C’ has both endpoints in C'.

An extremal ray of a convex cone C is a face of the
form R>0 xNC for some x € C. The element x is then
called extremal element.

12/63



Faces and extremal rays

A face of a convex set C is a convex subset C' C C
such that every closed line segment in C with interior
point in C’ has both endpoints in C'.

An extremal ray of a convex cone C is a face of the
form R>0 xNC for some x € C. The element x is then
called extremal element.

Theorem (Klee): A non-trivial closed convex cone C containing no lines is com-
pletely determined by its extremal rays:

Given a set T C C such that every extremal ray is determined by some x € T,
then every element in C can be written as a (finite) positive linear combination of
elements in T.
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Positivity cone

Recall:

Positivity bounds <= M € C := conv{QR®2 + 7Q%2: Q € Sym? V or Q € A2V},

where 75(vi, va, v3, va) = S(v1, va, v3, V).

Observe: C C {S € Sym?(Sym? V) @ Sym?*(A2V) : 7S = S}.
Define
W = {S € Sym*(Sym? V*) & Sym?(A*Vx) : 7S = S}

Then
C'=Cw:={SeW:S5>0}

Cw is an example of a linear spectrahedron.
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Faces of spectrahedra

A linear spectrahedron is an intersection of the cone of PSD matrices P, with a linear
subspace of Sym?(R").

Theorem (Ramana&Goldman): Let C be a linear spectrahedron. Then the mini-
mal face of x € C (i.e. the face of the smallest dimension containing x) is given by

Fe(x) ={y € C : kery D ker x}.

In particular: x € C\ {0} is extremal iff y € C, kery D kerx = y =0.
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Extremal elements of the positivity cone
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Properties of the space W (1/2)

Recall: W = {S € Sym?*(Sym? V*) & Sym?(A2V*) : 7S = S}.

We consider the canonical projections/restriction maps

R: W — Sym?(Sym? V*)
R : W — Sym?(A’V*)

and the total symmetrization map
tot : W — Sym* V*.
Denote by Ky := ker(tot). Then

W = Sym* V* @ K.
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Properties of the space W (2/2)

The restriction maps have the following properties:

1. The map R : W — Sym?(Sym? V*) is an isomorphism;
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Properties of the space W (2/2)

The restriction maps have the following properties:
1. The map R : W — Sym?(Sym? V*) is an isomorphism;
2. R|Sym4 ve = Id;
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Properties of the space W (2/2)

The restriction maps have the following properties:
1. The map R : W — Sym?(Sym? V*) is an isomorphism;
2. R|Sym4 ve = Id;
3. ker R = Sym* v/*;
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Properties of the space W (2/2)

The restriction maps have the following properties:
1. The map R : W — Sym?(Sym? V*) is an isomorphism;
2. R|Sym4 ve = Id;
3. ker R = Sym* v/*;

4. imR = K(V) :={S € Sym*(N>V*) : 3.y S(vi,v2,v3,-) =0 Vv € V};

cycl
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Properties of the space W (2/2)

The restriction maps have the following properties:

The map R : W — Sym?(Sym?2 V*) is an isomorphism;
R|Sym4 ve = Id;

ker R’ = Sym* V*;

imR' = K(V):={S € Sym*(Av*): 3"
Ky = K(V) via R'.

cycl 5(V17 V2, V3, ) =0 Vy € \/},

ARSI R

22/63



Elastic extremal elements in Cy (1/3)

Recall: Cyy = {S € Sym?(Sym? V*) @ Sym?(A2V*) : 7S, S > 0}
Observe:

e SclCw < R(S)>0and R'(S)>0.
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Elastic extremal elements in Cy (1/3)

Recall: Cyy = {S € Sym?(Sym? V*) @ Sym?(A2V*) : 7S, S > 0}
Observe:

e SclCw < R(S)>0and R'(S)>0.
® In particular R: Cyy — Csym := {S € Sym?(Sym?) : S > 0}.
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Elastic extremal elements in Cy (1/3)

Recall: Cyy = {S € Sym?(Sym? V*) @ Sym?(A2V*) : 7S, S > 0}
Observe:

e SclCw < R(S)>0and R'(S)>0.
® In particular R: Cyy — Csym := {S € Sym?(Sym?) : S > 0}.

® Elements in Cy projecting to extremal elements in Csyy, are extremal in Cyy.
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Elastic extremal elements in Cy,

(1/3)

Recall: Cyy = {S € Sym?(Sym? V*) @ Sym?(A2V*) : 7S, S > 0}
Observe:

e SclCw < R(S)>0and R'(S)>0.
® In particular R: Cyy — Csym := {S € Sym?(Sym?) : S > 0}.

® Elements in Cy projecting to extremal elements in Csyy, are extremal in Cyy.

® These are elements S € Cy such that rank R(S) = 1.
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Elastic extremal elements in Cy (2/3)

Theorem: Let S € Cw such that R(S) is extremal in Csym. Then

S=(a®B)®?+ (8®a)®?, forsomea,sc V*\ {0}.

These correspond to elastic positivity bounds:
o v
Y‘ V
t=—00 ® ? ® t =00
VAN
() V9
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Elastic extremal elements in Cy (3/3)

Proof:
® Let S € Cy such that R(S) is extremal in Csym.
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Elastic extremal elements in Cy (3/3)

Proof:
® Let S € Cy such that R(S) is extremal in Csym.

® Then R(S) = 2 for some 7y € Sym? V*.
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Elastic extremal elements in Cy (3/3)

Proof:
® Let S € Cy such that R(S) is extremal in Csym.

® Then R(S) = 2 for some 7y € Sym? V*.
® We have R"o R} (7%)(x,y,z,w) = 7(x, w)1(y, 2) = 2y, w)(x, 2).
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Elastic extremal elements in Cy (3/3)

Proof:
® Let S € Cy such that R(S) is extremal in Csym.

® Then R(S) = 2 for some 7y € Sym? V*.
® We have R"o R} (7%)(x,y,z,w) = 7(x, w)1(y, 2) = 2y, w)(x, 2).

e Since S € Cyy, for all x,y € V* we must have

0 < R(S)x Ay, x Ay)=(x,y)> = v(x,x)7(y, y) = — det(V|spanixy})-
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Elastic extremal elements in Cy (3/3)

Proof:
® Let S € Cy such that R(S) is extremal in Csym.

® Then R(S) = 2 for some 7y € Sym? V*.
® We have R"o R} (7%)(x,y,z,w) = 7(x, w)1(y, 2) = 2y, w)(x, 2).

e Since S € Cyy, for all x,y € V* we must have
0 < R(S)x Ay, x Ay) =7(xy) =70, x)1(y, ¥) = — det(Y]spanix.y})-

— For all 2d subspaces E, 7|g is indefinite or degenerate.
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Elastic extremal elements in Cy (3/3)

Proof:
® Let S € Cy such that R(S) is extremal in Csym.

® Then R(S) = 2 for some 7y € Sym? V*.
® We have R"o R} (7%)(x,y,z,w) = 7(x, w)1(y, 2) = 2y, w)(x, 2).

e Since S € Cyy, for all x,y € V* we must have

0< R(S)(x Ay, x Ny)=~(x,y)* = v(x, x)7(y,y) = — det(V]spanix.y})-

— For all 2d subspaces E, 7|g is indefinite or degenerate.

— 7 =aVfforsome a, € V*.
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Classification of extremal elements for dm V =2

Theorem (Li, Xu, Yang, Zhang, Zhou ’21): Suppose dim V = 2.
Then S € Cyy is extremal iff

S=(a®pB)*?+ (B®a)®?, forsomea,B c V*\ {0}.
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Classification of extremal elements for dm V =2

Theorem (Li, Xu, Yang, Zhang, Zhou ’21): Suppose dim V = 2.
Then S € Cyy is extremal iff

S=(a®pB)*?+ (B®a)®?, forsomea,B c V*\ {0}.

Proof: (dimV =2 = dimSym?V =3, dimA?V =1)
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Classification of extremal elements for dm V =2

Theorem (Li, Xu, Yang, Zhang, Zhou ’21): Suppose dim V = 2.
Then S € Cyy is extremal iff

S=(a®pB)*?+ (B®a)®?, forsomea,B c V*\ {0}.

Proof: (dimV =2 = dimSym?V =3, dimA?V =1)

® Suppose S is extremal in Cy, with rank R(S) > 1.
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Classification of extremal elements for dm V =2

Theorem (Li, Xu, Yang, Zhang, Zhou ’21): Suppose dim V = 2.
Then S € Cyy is extremal iff

S=(a®pB)*?+ (B®a)®?, forsomea,B c V*\ {0}.

Proof: (dimV =2 = dimSym?V =3, dimA?V =1)
® Suppose S is extremal in Cy, with rank R(S) > 1.
® Then rank R(S) =2, rank R'(S) =0 (= S € Sym*V*)
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Classification of extremal elements for dm V =2

Theorem (Li, Xu, Yang, Zhang, Zhou ’21): Suppose dim V = 2.
Then S € Cyy is extremal iff

S=(a®pB)*?+ (B®a)®?, forsomea,B c V*\ {0}.

Proof: (dimV =2 = dimSym?V =3, dimA?V =1)
® Suppose S is extremal in Cy, with rank R(S) > 1.
® Then rank R(S) =2, rank R'(S) =0 (= S € Sym*V*)
® For S € Cw NSym* V*, every T € ker SN Sym?(Sym? V*) \ {0} must be indefinite.
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Classification of extremal elements for dm V =2

Theorem (Li, Xu, Yang, Zhang, Zhou ’21): Suppose dim V = 2.
Then S € Cyy is extremal iff

S=(a®pB)*?+ (B®a)®?, forsomea,B c V*\ {0}.

Proof: (dimV =2 = dimSym?V =3, dimA?V =1)
® Suppose S is extremal in Cy, with rank R(S) > 1.
® Then rank R(S) =2, rank R'(S) =0 (= S € Sym*V*)
® For S € Cw NSym* V*, every T € ker SN Sym?(Sym? V*) \ {0} must be indefinite.

® If ker S N Sym?(Sym? V*) = A T, every e € V* such that T(a, o) = 0 satisfies
ker a* D ker S, a contradiction.
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Classification of extremal elements for dmV = 3

Theorem: Suppose dim V = 3. Then S € Cyy is extremal iff it is of one of the following
types:
1. S=(a®B)® +(B® a)® for some a, 3 € V*\ {0},




Classification of extremal elements for dmV = 3

Theorem: Suppose dim V = 3. Then S € Cyy is extremal iff it is of one of the following
types:
1. S=(a®B)® +(B® a)® for some a, 3 € V*\ {0},

2. For a basis {a;}3_; of V* g,d,h € Rs.t. g2 >1— d?+ dh, we have
S = Siot +2(g° +d* — 1 — dh) [(a2 ® a3)®? + (a3 ® a2)¥?],
where

Siot =0 + 60303 + 6aiaj + 12d aras03 + 12g ara203 + 4haia3 + (1 + d°) o
+ 4dg a3az + 6(1 + dh) a3a3 + 4g(d + h) aza3 + (1 + g% + h?) 3.
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Proof of the classification

Strategy:
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Proof of the classification

Strategy:

e establish bounds on rank: for S € Cyy extremal,

dimkerS >3, dimker R(S) >1, dimkerR'(S)>1;
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Proof of the classification

Strategy:

e establish bounds on rank: for S € Cyy extremal,

dimkerS >3, dimker R(S) >1, dimkerR'(S)>1;

e distinguish elements by the dimension of characteristic subspaces of their kernels;
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Proof of the classification

Strategy:

e establish bounds on rank: for S € Cyy extremal,

dimkerS >3, dimker R(S) >1, dimkerR'(S)>1;

e distinguish elements by the dimension of characteristic subspaces of their kernels;

® a (non-elastic) element S € Cyy is extremal iff
1. dim(ker S N Sym? V) = 3,
2. dim(ker SNA2V) =2 (= Fze V\ {0} : kerSNA2V =zAYV),
3. kerSN(zVv V)=0;
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Proof of the classification

Strategy:

e establish bounds on rank: for S € Cyy extremal,

dimkerS >3, dimker R(S) >1, dimkerR'(S)>1;

e distinguish elements by the dimension of characteristic subspaces of their kernels;

® a (non-elastic) element S € Cyy is extremal iff
1. dim(ker S N Sym? V) = 3,
2. dim(ker SNA2V) =2 (= Fze V\ {0} : kerSNA2V =zAYV),
3. kerSN(zVv V)=0;

® for these elements we can find an explicit description.
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Elastic vs full bounds

— M
0.14
0.1
0.06,
D clastic
elastic
0.02! + inelastic
» )/
-0.04 20.02 0 0.02 004 My,

47/63



Further observations

For G € {O(3),S0(2),Z3} consider the cone of invariant elements:

Cé={MeCy:g-M=MVgeG})

Theorem: All extremal elements of C‘(/;V are projections of elastic elements in Cyy.

In particular: Elastic bounds are sufficient to bound two-to-two pion scattering in chiral
perturbation theory!
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What about dim V > 37 (1/3)
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What about dim V > 37 (1/3)

Take a closer look at the case R'(S) =0, i.e. S € Sym* V*:
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What about dim V > 37 (1/3)

Take a closer look at the case R'(S) =0, i.e. S € Sym* V*:

Denote by:

Pn24: cone of homogeneous degree 2d non-negative polynomials in n variables;
Y 24 C Ppog: cone of SOS-polynomials.
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What about dim V > 37 (1/3)

Take a closer look at the case R'(S) =0, i.e. S € Sym* V*:

Denote by:

Pn24: cone of homogeneous degree 2d non-negative polynomials in n variables;
Y 24 C Ppog: cone of SOS-polynomials.

The cone Sym* V* N Cyy has the following interpretation for n = dim V-

Sym* V*NCw =T},
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What about dim V > 37 (2/3)

We have

Pnod =Xn04 <=  all extremal elements of Zj;gd have rank 1
< n=2 or 2d=2 or n=3,2d=4
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What about dim V > 37 (2/3)

We have

Pnod =Xn04 <=  all extremal elements of Zj;,2d have rank 1
< n=2 or 2d=2 or n=3,2d=4

Blekherman "10: Extremal elements of ¥ , have either rank 1 or rank 6.
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What about dim V > 37 (2/3)

We have
Prnod = Y24 <= all extremal elements of Zj;gd have rank 1

< n=2 or 2d=2 or n=3,2d=4

Blekherman "10: Extremal elements of ¥ , have either rank 1 or rank 6.

Blekherman, Hauenstein, Ottem, Ranestad, Sturmfels '11:
The rank 6 elements in X , form a projective variety of dimension 24 and degree 28314.
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What about dim V > 37 (2/3)

We have

Pnod =Xn04 <=  all extremal elements of Zj;gd have rank 1
< n=2 or 2d=2 or n=3,2d=4

Blekherman "10: Extremal elements of ¥ , have either rank 1 or rank 6.

Blekherman, Hauenstein, Ottem, Ranestad, Sturmfels '11:
The rank 6 elements in X , form a projective variety of dimension 24 and degree 28314.

But: There is no parameterization of all extremal elements of ¥} ,!
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What about dim V > 37 (3/3)

® |t is too ambitious to aim for an extremal representation in dim V > 3.
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What about dim V > 37 (3/3)

® |t is too ambitious to aim for an extremal representation in dim V > 3.

e But: The extremal elements in the classification for dim V = 3 give rise to extremal
elements in dim V > 3.
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What about dim V > 37 (3/3)

® |t is too ambitious to aim for an extremal representation in dim V > 3.

e But: The extremal elements in the classification for dim V = 3 give rise to extremal
elements in dim V > 3.

® Using this, one can constrain possible extremal elements in dim V > 3...
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Summary and Outlook
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Today:

® Unitarity, causality, locality of UV theory = positivity bounds on EFT amplitude;
® Positivity bounds <— extremal elements of Cyy;

e For two flavors, there are only elastic bounds, for three flavors there are additional
bounds;

® When imposing additional symmetries there are only elastic bounds;

® In dimension n > 3 the problem of determining the extremal representation becomes
significantly harder.
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Open questions:

® Can we "simplify” the inequalities for dim V = 37

What is the boundary of Cj, for dim V = 37
® How large is the difference between elastic and full bounds?

® Further applications to physics

Study the case dim V = 4.
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Thank youl!
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